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ABSTRACT

The Nottingham group, N, is the group of formal power series over a finite field where the
group operation is substitution. In the theory of the Nottingham group, power and commutator
structures play a significant role. We confirm a conjecture that was posed by K. Keating in
[Kea05] for most of its cases, but we also show that this conjecture is not true for the remaining
few cases. In more details, we give the sharp upper bounds for the distance between large p-th
powers of any given two elements of A/ which share same depth and some leading coefficients.

The key idea of our work is to extend some matrix that was introduced by Keating in
[KeaO5]. With this extended matrix, we could prove the sharpness of the proposed upper
bounds and, moreover, we could show that the depths of large powers of two elements which
satisfy Keating’s bound grow as slow as possible. Keating’s matrix can provide a very useful
tool in the study of the Nottingham group. In this connection, we use this matrix to tackle a
conjecture that was posed by A. Shalev “Any two random elements of the Nottingham group
generate an open subgroup with probability 1”. We could confirm this conjecture, but for the
elements obeying some extra restrictions. We also argue some possible improvements of our

approach that might be helpful for confirming Shalev’s conjecture completely.
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CHAPTER

Introduction and Basic Concepts

There has been a growing interest to probabilistic questions in group theory during the last 30
years. The question addressing the probability that £ random elements, for a given number £,
generate the whole group or a dense subgroup (in the case of, say profinite groups) is particu-
larly crucial. In 1882, E. Netto in his book [Net82] conjectured that “The probability, that two
randomly chosen elements from the symmetric group .S,, generate either the alternating group
A, or S, tends to 1 as n — oo”. After almost a century, J. D. Dixon proved the conjecture of
Netto in [Dix69]. The proof consists of two main steps: finding the probability that two random
elements generate a primitive group in .S,, and the probability that both elements do not contain
a p-cycle for some prime p < n — 2. In the same paper, Dixon asked the same question for
finite simple groups. In [KL90], W. M. Kantor and A. Lubotzky proved Dixon’s conjecture for
finite classical simple groups and for several families of exceptional simple groups by assuming
classification of finite simple groups. The proof of Dixon’s conjecture was finally completed
by M. W. Liebeck and A. Shalev in [MA96].

The discrete topology on finite groups gives a natural compact topology on profinite groups
due to the fact that a profinite group is an inverse limit of finite groups. Hence, any profinite
group can be considered as a probability space with respect to the normalized Haar measure.
Let GG be a profinite group. Let Q(G, k) denote the probability that k£ randomly chosen elements
of G topologically generate an open subgroup of G. Parallel to Dixon’s work, M. D. Fried and
M. Jarden, in their book [FJ86], proved that for a free procyclic group G, Q(G, k) = 1 for some
k. They also conjectured that the same holds for free profinite groups of rank greater than 1 and
finitely generated free profinite abelian groups. Then Kantor and Lubotzky confirmed Fried

and Jarden’s conjecture for finitely generated free profinite abelian groups and they proved that
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the conjecture is not true for a free profinite group of rank greater than 1, see [KL90].

A profinite group has polynomial subgroup growth if the number of subgroups of index n
is at most some given power of n. A. Mann [Man96] showed that Q(G, k) = 1 for some k
if G is a profinite group with polynomial subgroup growth. A natural question arises here: Is
the converse also true? Mann and Shalev [MS96] proved that this is not the case. Moreover,
they proved that Q(G, k) = 1 for some & if and only if G has polynomial maximal subgroup

growth, that is for any n, the number of maximal subgroups of index 7 is at most a power of n.

The property of having polynomial subgroup growth for profinite groups is analogous to
being p-adic analytic for pro-p groups. This yields a similar question to the one in the previous
paragraph. In [Man96], Mann asked: If Q(G, k) = 1 for some k for a pro-p group G then is
G p-adic analytic? Shalev [Sha99] predicted that this is not the case. Shalev’s prediction was
verified by Y. Barnea and M. Larsen in [BLO4]. They proved that if GG is a simply connected,
semisimple algebraic group over a non-archimedean local field of characteristic p, for a fixed
prime number p then Q(G, k) = 1. The first congruence subgroup of S L;3(F,[[t]]) is not a p-
adic analytic pro-p group but it is among those groups which are simply connected, semisimple
algebraic over a non-archimedean local field of prime characteristic. Barnea and Larsen, in
their proof, used a characterization of compact groups linear over a local field that was given

by R. Pink [Pin98].

Another important concept in pro-p group theory is lower rank. The lower rank of a pro-p
group is the minimal integer r (possibly infinity) such that G has a base for the neighborhoods
of identity consisting of r-generated subgroups. Shalev [Sha00] pointed out that if Q(G, k) = 1
for some k then the lower rank of the pro-p group G is at most k. As no counterexample has

been constructed yet, it is not known whether the converse is true or not.

In the present thesis, we deal with an important pro-p group called the Nottingham group,
denoted by N. It is the group of formal power series over a finite field where the group op-
eration is substitution. Number theorists used to call it the group of wild automorphisms of
the local field of prime characteristic. Then, it was introduced as a pro-p group by D. Johnson
[Joh88] and his Ph.D. student I. York [Yor90a], [Yor90b]. It gained a keen interest after the

result of R. Camina [Cam97], [Cam96]: The Nottingham group, over a field of characteristic

2



p, contains an isomorphic copy of every finitely generated pro-p group. In other words, the
Nottingham group is ”S-universal”. On the other hand, M. Ershov proved that it is finitely
presented [Ers05]. By those two results, the question talking about “the existence of a finitely
presented S-universal pro-p group” which was posed in [dSSS00] has got a positive answer.
The Nottingham group and some of its subgroups are just infinite, that is, any non-trivial closed
normal subgroup is of finite index. Just infinite pro-p groups can be seen as the simple objects
of the category of pro-p groups and, so, it brings the question of classification of just infinite

pro-p groups, see [KLGP97], [Ers04].

The Nottingham group has lower rank 2 for p > 3 and it has lower rank at most 3 for p = 2,
see [CamO0], [HegO1]. We discussed the connection between the concept of lower rank and the
random generation in the previous paragraphs. Associated to this connection, Shalev [Sha00]
asked the following question: Is Q(A, k) = 1? In the present thesis, we try to investigate his
question. The motivation of our research relies on two papers. The first one is by B. Szegedy
[Sze05] which provides a proof for the theorem ” two random elements of the Nottingham
group generate a free group with probability 1”. We are inspired by some probability theorems
which he used in his proof. The technical side of our research is inspired by the second paper
which is by K. Keating [Kea(05]. Keating gave a bound for the distance of p™-th powers of two
elements which are similar at the beginning. He also proved in the same paper that the bound
is sharp for m = 1 and conjectured that it is sharp as well for m > 1. Our research gave us a
positive answer for his conjecture except for some cases. In fact, we found the accurate sharp

bounds for those exceptional cases.

Chapter 4 of the present thesis is devoted to discuss and to give a partial solution to Shalev’s
conjecture. The main idea is to change the tail of two random elements and to prove that
these new modified elements generate an open subgroup with a positive probability. To test
whether two elements generate an open subgroup, we use a simple criterion from [CamO0]:

two elements generate an open subgroup if their depths satisfy some conditions.

To confirm Shalev’s conjecture, we figured out that it might be useful to construct an Engel
word from the modified elements. The n-th Engel word, [x,, y], is defined recursively as fol-

lows: [z, y] = [z,y] and, for n > 2, [x,, y| = [[z,,—1 ], y]. Keating, in [Kea03], constructed a
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matrix to compute the depth of the (p — 1)-st Engel word. We extend this matrix in a way that
allows us to determine some leading coefficients of the s(p — 1)-st Engel word for s > 1. Then,
we show that, given any two randomly chosen elements subjected to some certain restrictions,
one can construct other two elements (one of them is an Engel word) from the modified ones
such that these new elements satisfy the conditions to generate an open subgroup. This gives a
partial solution for Shalev’s conjecture.

In Chapter 2 (and in [AH16]), we give our generalization of Keating’s matrix then we com-
pute the depth and some first coefficients of the s(p — 1)-th Engel word for s > 1. We provide
examples, except for the exceptional case, showing that Keating’s bound is sharp. Moreover,
we prove that the sequences D(f), D(f?), D(f?),... and D(g), D(¢?), D(¢*"), ... increase
as slow as possible for f,g € N which satisfy the Keating’s bound. Thus, by our technique,
we get more detailed information about the commutator and p-th power structures of the Not-
tingham group.

In the study of the Nottingham group, it is already a commonplace that the even character-
istic is problematic. In Chapter 3 (and in [Asl16]), we show that Keating’s bound is not sharp
for the case when p = 2 and the depths of the given elements are 1. The difficulty of this case
comes from the fact that in even characteristic the sequence D(g), D(g?), D( g22), ... Increases
very rapidly for an element g € N of depth 1. The commutator and power structures of such
an element needed to be investigated deeply. We provide different bounds and examples for the
sharpness of the bounds depending on the similarity that exists between the two given elements.

Now, we will briefly recall some basic concepts and elementary results in the theory of

pro-p groups and the theory of the Nottingham group.

§1.1 Pro-p groups

This section mainly based on [DdASMS99], [dSSS00].
Definition 1.1.1. Let G be a group which is also a topological space such that the maps
Qg—gt:G—G

(i) (g, h)—gh:GxG—G



are both continuous. Then G is called a topological group.

Definition 1.1.2. A group G is called a profinite group if it is a compact Hausdorff topological
group whose open subgroups form a base for the neighborhoods of the identity. A profinite
group is called a pro-p group if every open normal subgroup of it has index equal to some

power of a prime number p.

We can redefine profinite and pro-p groups in terms of inverse limit. Here, we recall the
concept of inverse limit.

A directed set is a non-empty partially ordered set (A, <) such that for every A, there
exists v € A with v > A\, u. An inverse system of sets (or groups) over A is a family of sets
(Gx)aen, with maps (or homomorphisms) 7y, : Gy — G, whenever A > p, satisfying the

natural compatibility conditions:
T\ = idGm TapTuy = Thy

for all A > p > v. The inverse limit
l‘&lG,\ = @(GA)AQA = {(g,\) € H G\ : gaTa, = g, Whenever \ > ,u}.
AEA
Proposition 1.1.3. A fopological group G is a profinite (pro-p) group if and only if G is topo-

logically isomorphic to an inverse limit of finite groups (finite p-groups).

Haar Measure. Let G be a profinite group. Let GG; be a filtration of G, that is a descending
chain of normal subgroups that form a base for the neighborhoods of identity. There is a G-
invariant metric on G defined by d(z,y) = inf{|G : G;|™' : zy~' € G;}. Note that the
balls in G with respect to this metric are the cosets of (G;, and the diameter of such balls is
|G : G;|~!. Now one can define a profinite topology on G induced by this metric and so there

is a probability measure on the Borel sets of GG called normalized Haar measure.

Notation. Let G be a profinite group. Let Q(G, k) denote the probability that & random

elements generate an open subgroup.



Lower rank. Let G be a profinite group. The minimal integer r (possibly infinity) is called
the lower rank of G if it has a basis of neighborhoods of the identity consisting r-generated

subgroups.

§1.2 The Nottingham group

This section is based on [Cam00]. Let R be a commutative ring with identity. Denote by N/(R)

the Nottingham group over R which is the group of formal power series of the form

f=x+ Zakka € R[[x]]
k=1

under the substitution: given f,g € N(R) set fg(z) = f(g(z)).
From now on, assume that R = [F, where I, is the finite field of p elements for a prime
number p. Also from now on denote N' = N/ (F,). Consider the following chain of open

subgroups of .
Ny = {g eN:g=a+ Zaix”l,ai € Fp}, for each k € N.
i=k
For all & € N consider the finite groups (N /N}) which contain the polynomials of the form
k-1
N/Nk = {f =x + Zaix”l oy € ]Fp}
i=1

It is clear that for each k, '/} is a finite p-group of order p*~1. Now (A /A})?, is an inverse

system with the homomorphisms 7, : N'/N,, — N /Ny, for n > k, such that
n—1 k—1
Tk X+ Zaix”l — T+ Zaix”l.
i—1 i—1

It is easy to see that the maps 7, satisfy the required compatibility conditions. Now, N~ =
@(N /Nj) is a pro-p group and N, form a base for the neighborhoods of the identity.
The following definitions are fundamental in the theory of the Nottingham group.
Definition 1.2.1. For k > 1 and « € F,, define e;[a] € N, where
k+1

erla] =z + ax™.
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Definition 1.2.2. The depth of f € N\ {1}, D(f), is the integer k > 1 such that f € N \Ng i1,
while D(1) = oo.

Notation. Let f,g € N. Let [f, g] = f~'g~' fg denote the commutator of f and g.
g

Here are some important facts for the Nottingham group:

Proposition 1.2.3. Let f,g € N. Then D([f,q]) > D(f) + D(g) and equality holds only if

D(f) # D(g) (mod p).

Proposition 1.2.4. Let f € N with D(f) = k. Then D(f?) > pk + ko where ky is the least

non-negative residue of k modulo p. In fact, D(f?) = ko (mod p), if f # 1.

Proposition 1.2.3 and Proposition 1.2.4 imply the following theorems. For the proofs, see

[CamO00, Theorem 2, Theorem 6, and Remark 3].

Theorem 1.2.5. Suppose that p # 2. Then

Niin if k dp),
[Nk,Nn] _ [Nk,Nn] _ k+ if k #Zn (mod p)

Nignt1  ifk =n (mod p).

Theorem 1.2.6. For all p, N} < Nj,. If p is odd then N = Nypir, = Nipiro» Where ky is

the least non-negative residue of k modulo p.
Theorem 1.2.7. N is a 2-generator pro-p group and N' = (e1|a], es]a]) where o € F,.

The following results concerning the lower rank of A are due to R. Camina [Cam00, The-

orem 7] and P. Hegediis [HegO1, Theorem 11].
Theorem 1.2.8. For p > 3 the lower rank of N is 2.

Theorem 1.2.9. For p = 2 the lower rank of N is at most 3.






CHAPTER

Maximal deviation of large powers

The distance of f and ¢ is usually defined by d(g, f) = p~ P9 which makes A an ultramet-
ric space. Itis clear that d(f, g) = d(f?,¢’) if p{ j. So in understanding the distance of powers
the crucial case is when the exponent j is a power of p.

The following definition is from [Kea05].

Definition 2.0.1. n > £ > 1 and let k; be the least nonnegative residue of £ modulo p. Let

e

0 ifp|kandn =k,
1 ifp|k, p|n, andn >k,
e(k,n) =40 ifp|kandpin,

i ifpfkandn =2k —i(mod p) for some 0 < i < ky,

ko ifptkandn # 2k — i (mod p) forall 0 < i < k.

\

Keating defined this constant to prove the following theorem [KeaO5, Corollary 2] and to

show that for m = 1 the bound is sharp [Kea05, Theorem 1(b)].

Theorem 2.0.2. Let p be a prime and n > k > 1. Suppose f,g € N are such that D(f) > k

and D(gf~') > n. Then, for all m > 1, we have

m

p_

D(g™" fP"Y > n+ (™ — Dk + 1pk:0—|—e(k:,n).

Keating conjectured that the bound is sharp for every m > 1 as well. In this chapter, we

confirm his conjecture except for the case p = 2, k = 1, when it is not sharp for m > 2.

Theorem 2.0.3. Let p be a prime andn > k > 1. If p = 2 then assume k > 1. Then there exist
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f,9 € N such that D(f) >k, D(gf~') > n and for all m > 1 we have

m

b _pko + e(k,n).

Dg" {7y =+ (" = D+ E

Forp = 2, k = 1 we have D(¢*" f=2") > n+2m*2—11+e(k,n) which is strictly stronger
than what is implied by Theorem 2.0.2 if m > 2. The results need more careful analysis on
the power and commutator structure of an element whose depth is 1. Therefore we treated this
case separately in Chapter 3.

Theorems 2.0.2 and 2.0.3 immediately imply

Theorem 2.0.4. Let d; = p™" < dy = p~*. Suppose f,g € N such that d(f,g) < d;

and d(f,1) < do. Let j = p™j' be an integer such that p 1 j'. Then d(f7, ¢’) <

—(n+(pm—1)k+ pm_zp ko+e(k,n

P P ) and for every choice of di,ds,j (except for p = 2, dy = p 1)

there exist f, g as above such that equality holds.
Also, we have the following Corollary of Theorem 2.0.2 and Theorem 2.0.3;

Corollary 2.0.5. Let p > 3 and suppose that Theorem 2.0.3 holds for some f,g € N with
D(g9) = D(f) =kand D(gf') =n > k. Then forallm > 1

m_q
b ko ifn >k,

D(f7") = p™k +

m_1
b “ko ifn >k,

D(g"") = p"k +

That is, the p-th powers of f and g have the slowest possible growth.

Proof. First note that by using Proposition 1.2.4 repeatedly we have D(f*") > p™k + p:__ll ko.

Let m > 1, then by Theorem 2.0.3 we have

m

b _pko +e(k,n):=n

Dig™ ") =n+ (" = Dk + 2

where n; = n (mod p) if n # 2k — i (mod p) for any 0 < ¢ < kg, otherwise n; = ky (mod p).

Therefore, e(k,n,) = ko. Apply Theorem 2.0.2 to g*", fP", i.e.,

D((¢"" )P(f7")7F) = ma+ (p = DD(f*") + ko

7

>+ (p" = Dk + =Lk + e(k,n) + (p = DD(F) + ko.

10



On the other hand, since Theorem 2.0.3 holds for f and g,

m—+1

D" V(")) = D" ) =t (= Dk P P ek,
It follows that
m prtt—p,  p™—p
(p—1)D() <™ =Dk — (™ -k + b1 ko — - ko — ko
= D(f"") <p"k+ ko.

p—1

Thus,
D(f? ) =pmk ko.
(ff)=p"k+ P 0

Now suppose that n > k then n — k + e(k,n) — ko > 0. If there exists m > 1 such that

D(g*") > p™k + p;tllko then

pm—1

D(g7"" f*") = D(f") = p"k + o

ko.

Since Theorem 2.0.3 holds for f, g, we have

D(g™" ") =t (07 = Dk + 5 ko + e(k, )

m m __ 1

— k‘()>pmk’+p

—n—k+e(k,n) — ko +p"k + 2 =

p—1

ko

1

which gives a contradiction. Therefore, D(¢g"") = p™k + £

ko for all m > 1. ]

§2.1 The Engel word

Let a,b € N. The m-th Engel word [a,,, b] is defined inductively as follows [a,; b] = [a, b],

(@, 0] = [[@ym—1b], 0] for m > 2.

Lemma 2.1.1. Let g,h € N with D(g) = n, D(h) = k. Write g = x + ~(x) and h = 6(z)
where deg(y(x)) = n + 1 and deg(§(x) — x) = k + 1. Then

2n+k+1)

[g,h]| =z —~(x) + 1 (mod z

)

0'(x)
where §'(x) is the formal derivative of §(x).

11



Proof. We know that hg = d(z + v(z)) and gh = 6(z) + v(6(z)). Let us denote e(x) =

—(z) + 7((5?((;’7)) ) To prove the claim we have to verify

5(a +e(a) +y(z +e(x)) = 6(x) +7(5(x)) (mod 22 +H+1).
First, note that
7(8()) = y(2) ++/(2)(8(x) — 2) (mod z"+2+1),

V(8(x)) —(2)d'(x) _ +'(x)(6(x) — 2) —(z)(0'(z) — 1)
§(x) §(x)

Here the numerator has degree at least n + k + 1 (with equality if and only if n = k (mod p)),

n+2k+1)‘

e(x) =

(mod z

so () has degree at least n + k + 1. Consequently, y(z + e(z)) = v(x) (mod 2?****+1). The

required approximation follows:

Sz +e(x)+v(x+e(x))) 0z +e(r)+v(x) =

= 6z + 25 = 6(x) + 7(6(x)) (mod 22 +H+1).

]

The next two results will be used in the proof of the main theorem but they are also inter-
esting in their own. The first is a generalisation of the previous lemma. Note that it also holds

whenb =1, k = oo

Lemma 2.1.2. Let a,b € N with D(a) = n and D(b) = k. Suppose that a(x) = x + a(x) and
b(w) = B(x). Set fo(x) = @, fi(x) = B(x), Pi(x) = Bi-a(6(x)) for i > 1. Then

Ms

7m —x

( > i 5{ )>) (mod a2+ mk i), @.1)

Moreover, if p 1 k and either m > p+ 1 or m = p, p 1 2n — k then (2.1) is valid modulo

1=0

x2n+mk+2'

Proof. The proof is by induction on m. The m = 1 case is exactly Lemma 2.1.1. Suppose that

we have the result for m > 1, that is, we can write [a,,, b] = cd, where

c=x+ Zzz; (T) (_1)m+i%

12



and D(d) > 2n 4+ mk. Now [a,m1 0] = [cd,b] = [¢,b][c, b, d][d, b], and here D([c,b,d]) >
D(c) + D(d) + D(b) > 2n + (m + 1)k. On the other hand, D([d,b]) > D(b) + D(d) with

equality if and only if D(b) # D(d) (mod p), see Proposition 1.2.3. So

[aym+10] = [c,b] (mod x2n+(m+1)k+1)

holds unconditionally. But even

[@ym+10] = [c,b] (mod x2”+(m+1)k+2)

holds if
D(d) > 2n + mk, or

k = D(b) = 2n + mk (mod p).
If p 1 k then there is a unique 1 < mg < p which is a solution of k = 2n + mok (mod p). Thus,
mo = pif only if p | 2n — k. For m = my the second condition holds, while for m > my the
first does.
For the commutator [c, b], we apply Lemma 2.1.1. As D(c) > D(a) + mD(b) = n + mk

by Proposition 1.2.3, the congruence is valid modulo z?"+@m+Dk+1

o E (e ()00

@)<—1>m+z‘+1M+i(”?)< @i 2)

z+1( )

Il

8

+
1
Y

2\ Bile) 2\
concn B ()7

m+1
o4 Z (m + 1) m+1+z (BZ(I)) (l’nOd x2n+(2m+1)k+1)

Thus, we are done by induction. OJ

Lemma 2.1.3. Let a,b € N with D(a) = n and D(b) = k. Then

[a,m V"] = [a Uympt ] (mod g2 tm kLY fopm 1> 1. (2.2)

Moreover, if p t k then (2.2) is valid modulo x2"+mplk+2, unlessp > 2and m =1 = 1.

Proof. We use Lemma 2.1.2 for both sides of the congruence. Note that W' is of depth at least

13



p'D(b) by Proposition 1.2.4. Note also that (™) = 0if p' { j and (%) = () inF,,, a field of

characteristic p. We also clearly have (—1)"+/ = (=1)?'("+)_ So over F,,

B (D) e S (7 Yo

2n+mD(bpl )+1

By Lemma 2.1.2, the first expression is [a,, bpl] modulo z , while the second is

l
[@ympt b] modulo 2P AL

, as required.
If p { k then D(b"') > p'k, by Proposition 1.2.3, so we get the refinement from

Lemma 2.1.2. (Note that for p = 2, k = 2n (mod p) implies k even.) O

Now we will introduce the matrix of Keating [Kea05] which is very useful to determine
the coefficients of an Engel word. Let b,u € N be such that b = x + z*"'3(z), where
B(x) =1y + 1e1T + rper® + ... and D(u) = n > k + k.

Assume that p 1 k. Define vy = u and w1 = [up,b] for h > 0. Following [Kea05],
we determine the coefficients of u;; from those of u;, = x + x(*=Dk++19(2) where 0(z) =

to+tix +tox® + ..

[un, b] = z+((h—2)k4+n)x"* L3 (2)0 () 42" "2 (B3(2)0 (x)—B'(2)0(x))  (mod hHDE+nHL)
(2.3)
It follows from the above expansion that, for 0 < j < k — 1, the coefficient of x"**"+i+1 in
Upy1 18
J
> ((h=2)k+n+2i — j)re_iti. (2.4)
i=1

For s < k and h > 1, consider the following matrix A, = A, s € Myxs(F,), where n;, =

(h—2)k +n,
npri (e — Dresr (e —2)re2 oo (Rh— 8+ 2)kps1
4 — O (np, + 1)rg MRkt 1 . . (np— s+ ) Tkis—2 | 2.5)
0 0 0 (np +s— 1)

Clearly the matrix depends only on s, b and the remainder of n modulo p.

14



Let 7, € T be the row vector whose entries are the coefficients of b= Dhtntitl iy gy,
for 0 < j < s — 1. It follows from (2.4) that 7}, = 0}, Ay, s. For h > 1, define a matrix
I, = I s € Msyxs(FF,) by setting IT;, = A; Ay...A,. Then we have v, = 7411, ;. Keating
used these matrices for s = e + 1 to make these observations, we follow his notations. He went

on to show [Kea05, Cases 3,4] that
Lemma 2.14. For ptk and e = e(k,n) we have 11,,_4 ,, . = 0.
By this we instantly get

Corollary 2.1.5. Let p t k > ko, so 2kg < k and write e = e(k,n). For a fixed s < 2ko + 1,
denote by T the top right hand corner s — e X s — e block of 11,,_1 ,, c and let V' be the first s — e

coefficients of Vy. The first e entries of U, are 0. The remaining s — e entries are V'T.

Letpt k. Setng :=n+ (p— 1)k + e(k,n). Now if n # 2k — 4, for any 0 < i < ko, then
ny = n (mod p), otherwise n; = ko (mod p). Now D(u,) > ny and e(k,ny) = ky. Then by

Theorem 2.0.2, we have
ng := D([tp,p—1b]) = D([t2p-1)b]) > 1+ (p — 1Dk + ko =n+2(p — 1)k + e(k,n) + ko.

Now ny = n (mod p) or n = ko (mod p) again and thus e(k, ny) = ko. Hence, following this

way inductively we have the following lemma

Lemma 2.1.6. Let u,b € N such that D(u) > n > D(b) = k and k = ko (mod p), where

0<ky<p—1. Then
D([u,s(p—1)b] > n+s(p — 1)k +e(k,n) + (s — 1)ko

fors > 1.

§2.2 Maximal deviation of large powers

The proof of [Kea05, Lemma 4] can be mimicked to prove the following stronger statement.
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Lemma 2.2.1. Suppose that ' > n > k are such that Theorem 2.0.2 holds for (k,n), and

Theorem 2.0.3 holds for (k,n'). If
n+e(k,n)=n"+e(k,n')
then Theorem 2.0.3 also holds for (k,n).

By the definition of e(k,n) the sum n + e(k,n) is constant in the intervals k& + pt < n <
k 4+ tp + ko. The lemma allows us to assume that k + kg +tp < n < k+ (t + 1)p. If
n =k + ko + pt then e(k,n) = 0, otherwise, e(k,n) = ko. We are going to assume this in the
proof of Theorem 2.0.3, below.

Letptkandk + ko + pt <n <k + (t+ 1)p for some nonnegative integer t. We define

0 ifk+ky+pt<n<k+plt+1),
e (k,n) =

ko ifn=k+ko+ptorn=~k+p(t+1).
This describes the number of interesting digits for the following definition. For u € N, let
,un(u) € Fz/(k’”)ﬂ denote the vector consisting of the first ¢/(k, n) + 1 coefficients of w.

For given n, k as above and A € F,, we define an ¢/(k,n) + 1 x €/(k, n) + 1 matrix 7, [\] as

- 0 0 2A?
-1 0 0 2\
0 X O 0
0 0 0 0
0 if n = k (mod p), if n = 2k (mod p),
0 0 A0
0 0 0 0
-1 0 0 2\

and T[N = (\) ifk+ko+pt <n <k+p(t+1).

Lemma 2.2.2. Letk > p, ptkand k + ko + pt < n < k+ (t + 1)p for some nonnegative

integer t. Define b = x + x* + %% For every u € N, we have [t,p—1 D] € Nn+(p_1)k+e(k7n)

and fin (p—1yese (i) ([Usp—1 8]) = 1 ()T [~ 1].

Proof. By Corollary 2.1.5, we have to show that the top right hand ¢'(k,n) + 1 x €/(k,n) + 1
block of Hp—l,n,e(k,n)+e’(k,n)+1 is Tn[—l].

By (2.5) and the choice of our b, we see that in the matrices Ay, the entries (i, j) are 0 unless

16



j —1 € {0,ko}. Consequently, in the products II;, = A; --- A, the entries (7, j) are 0 unless

J — 1 1s a nonnegative integer multiple of k.

First, we deal with the cases n = 2k (mod p) and m = k (mod p). Note e(k,n) =

0, e(k,m) = ko. By (2.5), we also see the following block decomposition of the matrices

Apm,2ko+ 1 Ham 2ko+1 € M(2kgt1)x (2k0+1) (Fp) for b > 1:

* Hh,m,ko *

< 1h m,ko
b b
) IIh,m,2k0+1 -

. (2.6)

Ah,m,2k0+1 =

0 Anonko+1 0 Iy ko1

So, it is enough to compute the larger matrices Ap 06041 € M(Qkoﬂ)x(gkoﬂ)(IFp), and

1 m,2k041 € M(2ko+1)x (2k0+1) (Fp). The (4, j) entry of Ay, for 0 < i < j < 2k is

(

Apij = mh—k/’o—{-i lf]:k0+l,

0 otherwise.
\

Note that m;, + kg = (h — 2)k + m + kg = my,1 (mod p). Thus A, has the form

0 ko 2k
0 mp 0 0 mp 0 0 0
0 mp+1 0 0 mp_1+1 0 0
0 0 0
0 0 0 0
ko 0 0 0 0 mp 0 ... 0 my,
0
0
2kg\ O 0 0 O 0 0 0 0 mpyo

By the above observation, the (7, j) entry of 11, is zero if j — i & {0, ko, 2k }. By induction on

h > 1, we get that the (i, 7 + k¢) entry of I, is
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h—1
( (my + 1) (mg +14)...(my + 1) (Mygs + 1) (Mygg + 7). (Mpgq + z))
—1 2.7)
+(mo + 1) (ms +7)...(Mmpy1 + 7).
Finally, for h = p — 1 we get that the (i, + ko) entry of I, ; is
p—2
ﬂ-i,i—l—ko = (Z mq + /L m2 + /L)(mt + i)Q(mt+3 + Z')(mt+4 + Z)(mp + Z))
t=1 2.8)

p—2 p
+(mo + i) (mg +1)...(my + 1) = Z mt—i—z')H(mtﬂ-—l—i).
=0 i=3

Note that each summand in (2.8) is a product of p—2 consecutive numbers from {m;+i}}_,, the

last with multiplicity 2. Pick the unique ! € {1,..., p} such thatm;+i = 0. So, [ [, ,(m; +i) =

—1 and, consequently, it follows that

p p
. . —ko 2k
(my—1 +1) H(ml—1+j +1) = "k =1, (my_o +i H Moy +1) ko = -2
Jj=3 7j=3
(
—24+1=-1 ifl#1,p;
Tijitho = § —2 if | = p; 2.9)

1 ifl =1.

By Lemma 2.1.4, we know that the first ky columns and the last &, rows of 11,,_; are zero. The

remaining diagonal entry is
Tko,kg — TM21MN3TN4.. (ko)(2/€0)(3]€0)((p — 1)]{()) = —

To compute ok, note that a, 1 9k, 2k, = Mp+1 = 0 and ap_1 gy 26, = Mp—1 in Ap_;. So,

0.2k 18 M1 times the (0, ko) entry of I, ». Using (2.7), we get
7T072k0 = m0m3m4...mp_1mp_1 = (-k’o)(?k}o)(gk’o)((p — 2)]{?0)2 =2

Finally, by (2.9) the top right hand corner ko 41 x ko + 1 matrix of 11,,_; ,,, 21,41 corresponding

to m = k (mod p), is indeed
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1 0 0 2
0 -1 0 0

Tol-1]=| + + -~ 0o ... |- (2.10)
0 0 -1 0
-1 0 0 -2

From (2.6) and (2.10), the matrix II,_1, k11 € Mkg+1)x(ko+1)(Fp) corresponding to n =

2k (mod p), is indeed

-1 0 --- 0 =2

O 0 --- 0 O
Y%L_l]:

O 0 --- 0 0

Now, assume that k& + ko +pt < n < k+ p(t +1),ie,n # 2k — i (mod p) for any

0 < < ko, thus e(k,n) = kq. Then the corresponding matrix Ay, , x,+1 1S

0 ko
0 [ ny 0 A A (T
0O np+1 0 ... 0
0 0
0 0

ko \ O 0 0 0 npp

As above, we determine the (4, j) entries of I1,_; = II,_1 , 5,41

p—2 p—2 D
2 _ E :
ok = E NN Ny N 3N 4. Ny | + NN3...Np = Ny H Ny j

=1 t=0  j=3
Note that we get ny = n — k # 0, n, = (p — 2)k + n # 0 by our assumptions, so g, = —1
as in (2.9). Again, for the diagonal entries we have
p—1
i = | [(ne+14) € {0, -1},
=1

with m;; = —1if and only if 0 = ng+i = n — 2k + ¢ (mod p). In our case n # 2k — i (mod p)

forany 0 < i < ko, so m;; = 0. We cut the first ky columns and last ky rows and we indeed get
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the matrix

]

Lemma 2.2.3. Let p > 2. Suppose k = ko < pand k + ko +pt < n < k+ (t+ 1)p for

some nonnegative integert. If k < p — 1 then let b = x + 2**1, otherwise, let b = x + 21 +

2?1 For every u € N, we have [u,,—1b] € Noyy (p—1)kre(kn) And ft (p—1)kte(bn) ([Wsp—1 b]§ =

,un(u;Tn[)\], where A = 221 if k = p — 1 and \ = £ otherwise.

Proof. The proof follows from the argument of Lemma 2.2.2. However, as k is small we have
to be concerned with more terms than in (2.3) and in (2.4). We extend the dimension of the
matrices to e(k,n) + ¢/(k,n) + 1 < 2k + 1. Then we can use Lemma 2.1.4 and it remains to
show that the top right hand e'(k,n) + 1 x €/(k,n) + 1 block of I1,_1 , c(kn)+e (k,n)+1 18 Tn[A].

Here is the refinement of (2.3) (using n > 2k) for w1,

[up,b] = x4+ ((h—2)k +n)B(x)0(x)x " 7+ + (B(2)0' () — B'(z)0(x))zhk+n+24
+ (((h‘”’;*”“) —(k+1)((h —2)k + n)) B(2)%0()a kg
(= Dk B () + (8= Bk —n -+ D) (@)0() sty
+

(380" () + B'(w)0() — Bx) (2)6 () 2P+ OR7 4 By (mod alh2kens2),
(2.11)

Here, for some gy, ., ¢}, ,, € Fp,

QPR (2)30(2) if (h — 1)k +n > 2k,
Eh,n =

G PEIRLB(2)30(3) + ), B(x)0(x)*  if (b — 1)k +n = 2k.

The coefficient of x**+"+i+1in v, ., for 0 < j < k is the same as in (2.4), and for k < j < 2k

it is
k+a 1
o n, +a k+1
Z((h — 2)k+n+ 2i — j)rgjit; + (( h2 ) + ( 5 )) rit, + Z CLiTh4iTkt1—i ) ba—1
i=1 i=0
2 a
+(Z CoiThtiTht2—i)la—a + -+ (Z CaiTk+iTk+a—i)t0
i=0 i=0

(2.12)

wherea = j —kand ¢y, € Fpforl < s<a,0 <w < aqa,and w < s. For j = 2k, there will
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be an extra term in the coefficient of ¢y, and the rest will satisfy the above formula. But its value
is irrelevant for our proof.
We get again that the (i, j) entry of I, is O unless j — ¢ € {0, k, 2k} as in Lemma 2.2.2.
Again, we assume first that n = 2k (mod p) and m = k (mod p) and hence e(k,n) =
0, e(k,m) = k. As a subcase, assume that k < p — 1 s0 b = x + 2**!. Now from (2.12) we
compute the entries of the matrix Ay, , 2511
e
my, + i ifi=j,
(M) + (Y ifj =4k,

QAhij =

Ch,m if (Z7J) = (Oa 2k)7

0 otherwise.
\

The value of C}, ,,, € [F, is going to be irrelevant. By induction on & > 1, we get that the

(i,7 + k) entry of IIj, is

<Z(m1 +i)(ma +4) -+ (my + 1) (Mo 4 ) (Mg +4) -+ (Mg + Z>%H)

k41 o
#(5) Xom a4 ) (st D mers +) s+
= 2.13)
Consider h = p — 1. For ¢ = 0, the first sum is 0, because m; = 0 is a factor in each product.
For i > 0, pick the unique [ € {2,...,p} such that m; + ¢ = 0 and observe that the first sum

has a single nonzero term, that for ¢ = [ — 1. Its value is % For 7 = 0, k, the second sum has

a single nonzero summand, two otherwise. For ¢ = ( the value is ”; L fori = kitis % and
for ¢ # 0, k the two terms add up to 0. So, finally
(
—k=1 :c:_n.
5, if i=0;
Tii+k = \ k + 1, if i=k; (2.14)
Bt otherwise.
\

Note that IT,_» has (0, 0) entry 0 and (0, k) entry £ and A,_; has (k, 2k) entry k(k + 1) and
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(2k, 2k) entry 0. So, mo or = (k?)?' For the diagonal entries we again have

p—1
M5 = H(mh + Z) & {O, —1},
h=1

with 7;; = —1if and only if 0 = mg +i =m — 2k +i = —k + i (mod p). Put A = 51 £ 0

as k < p — 1. Now we have the claimed matrix

A 0 ... 0 2)\
0O X 0 ... 0
TnA = 0
0 0 A0
-1 0 0 2
As (2.6) is still valid, we also have
-1 0 --- 0 2X
T = 0 0 0 0
0O 0 --- 0 0

Now suppose that k = p — 1 so take b = x + 2P + x?’~!. We continue to assume that
n = 2k (mod p) and m = k (mod p), hence e(k,n) = 0, e(k, m) = k. By using (2.11), (2.12),
we have the corresponding matrix Ay, ,, 2x+1 Whose (4, j) entries for 0 < i, 7 < 2k are
my, + i ifi = j,
my+i—k+ (") + (TN ifi =k 44,

Qhij =

0 otherwise.
\

The value of Dy, ,,, € IF, is uninteresting, as before. Again the (7, j) entry of IIj, ,, 241 is zero
if j — 1 & {0, k,2k}. By the value of ay,; i+, we get that (7,7 + k) entry of II;, is the sum of
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(2.13) and (2.7). Therefore,
(

—k—1 _ k=1 :c. _ n.
T+1——T,lf7/—0,

Tii+k = Yk+1—-2=k—1, ifi = k;

k41 1 _ k—1
2 =5

otherwise.
\

Note that II,_, has (0,0) entry 0 and (0, k) entry Zt2 + =1 = =1 On the other hand, A,_;

has (k, 2k) entry —2k + k(k + 1) = k(k — 1) and (2k, 2k) entry 0. Thus, 7 o = (k—21)2. For

the diagonal entries, we again have

p—1

T = H(mh + ’L) < {O, —].},

h=1
with 7;; = —lifand only if 0 = mg + i = m — 2k + i = —k + i (mod p). Put A = £1. (We

use the assumption p > 2 to claim A\ # (). We obtained the claimed matrix

A0 ... 0 2\

0 A 0 ... 0
T[N = 0

0 0 ... A 0

~10 ... 0 2x

We get T),[)\] in a similar way exactly as above.
Assume finally that k& + kg + pt < n < k + p(t + 1), that is, n # 2k — ¢ (mod p) for any
0 < i < ko, then e(k,n) = ko. Of course k < p — 1. So we take the element b = = + z**1 and

obtain the corresponding matrix 7),[\] = (k—‘gl) (from (2.14)) exactly as in Lemma 2.2.2. L]

Proof of Theorem 2.0.3. Suppose that p 1 k. By the remark before Lemma 2.2.1 we may as-
sume that k + ko + pt < n < k + (¢t + 1)p, for some integer ¢t > 0. If n = k + ko + pt then
e(k,n) = 0, otherwise, e(k,n) = k.
Let g~! = o + 2F1 4 gk Rt "or 2 + 2% as in Lemma 2.2.2 and Lemma 2.2.3. We pick
1

u = ug € N, butits leading coefficient, o, will be chosen appropriately later. Set f~ = g~ 'u

and then u,,, = gpmf_pm. Letn,, =n+ (pm — 1)]€ + p;__lpko + 6(]6, n)

We prove that D(u,,) = n,, by induction on m. We assume m > 1 and that for every
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smaller index the theorem holds. Note that n,,, = n,,_1 + (p — 1)p™ 1k + p™ k.

By [LGMO2, Proposition 1.1.32(i)], we have

U = Ul (U1, g_pmfl](g) (U152 g_pmfl](g) oo U1 977

m—1 _am—1

| mod K(g7"

7um—1>

where K (g™, u,,_1) is the normal closure in A of the set of all formal basic commutators
in {g7""""  un_1} of weight at least p and of weight at least 2 in u,,_; and also the p-th
powers of all basic commutators of weight at least 3 and of weight at least 2 in w,,,_;. The only

_om—1

weight p commutator with weight 2 in w,,—1 is W = [[um—1,p-29 7 |, um—1]. We denote its

multiplicity by &y. (The exact value 6, = p* — p — 1 is irrelevant for our proof.)

Ifm=1andn, ; =n==k+ kythen e(k,n) = 0 and ¢'(k,n) = ko so D([u,,_197']) =
n+(p—1k=n+(p— 1)k +e(k,n). The element w in K (¢!, u) has depth exactly
2n+(p—2)k =n+(p—1)k+e(k,n) +¢€'(k,n), every other element in K (g~', u) has larger

depth. The leading coefficient of w is

(n —k)an(n+k)---(n+ (p—4k)a(p — 2)k = —2a2,

where « is the leading coefficient of u. If n,,,_1 > k + kg then every element in K (g_pmfl, w)

has depth at least 2n,,,_1 + (p — 2)k > N1 + (p — Dk + e(k, np—1) + €' (k, npm—1).

Also note that D ([t 1, g_pmfl}@fl)) > p(Nm—1 + k) > e + (0 — Dk +e(k, np1) +
e (kyny,—1) for 1 <i < p— 2 forevery n,_1 > k + ko. Let i,,,_; be the remainder of n,,_;
modulo p. Then D(u®, ) > pnpm1 + Tt = 1 + (p— Dk + ko + (p — 2)ko + (p —

D) (M1 — k — ko) + o1 > N1 + (0 — Dk + e(k, 1) + €/(k, m—1).

‘We conclude that

iy ([Um—1,p-1 977" ]) if Ny > k + ko,
i (i) = ’ (2.15)
piny ([thyp—1 g71]) + (0,...,0,—20002) if m =1, n=Fk+ k.

Suppose that m > 1. By the last line of Lemma 2.1.3 (which holds in our case,asp—1 =1

would imply p = 2),

[um_lm_lg—pm*l] = [Um_h(p_l)pm—l g—l] (mod ‘,L,anfl-*-(p—l)pm*lk—k?)'
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Now
2nm71 + (P - 1)pm71k' +2= Ny, + Nip—1 — pmflko +2=

m—1
p —p
—)

-] ko +e(k,n) +2 > ng,, + €'(k,ny,) + 1.

M+ 0+ (P77 = Dk A+ (—p™ T+

AN

So, we obtain ju,, (1) = Lo ([Wm—1,(p—1)pm—1 g~']) for m > 1. By induction and by (2.15),

we have

AN

s,y ([t ,pm—p g~1])  form > 1,
o () = o (2.16)

P, ([Wypm —1 g_l]j form > 1ifn >k + k.

After these preliminary observations we turn to the proof.

First, let k + ko +pt <n < k+ (t+1)p. Then ¢/(k,n) = 0 and e(k,n) = ko. Lemma 2.2.2
or Lemma 2.2.3 shows that for any u € NV, of depth n we have D([u,s,—1y 97 ']) =n + s(p —

1)k + sko for every s > 1. Thus, (2.16) implies that

D(up,) = D([um—lvp—l g_pmil]) = D([vam—l 9_1]) = N,

as required.

Now suppose n = k + ko + tp. Then €’(k,n) = kg, e(k,n) = 0. Recall that a # 0 denotes
the leading coefficient of u € N,,. If k > pthen A = —1,if k = p — 1 then A = % and
if k < p—1then A = % Then Lemma 2.2.2 or Lemma 2.2.3 shows that for the first kg

coefficients of v = [u,,_1 b] we have
tny (V) = (=, 0,...,0,2)\),

where A\ € [F, nonzero. By (2.15),

—
fny (97 F77) = (—a,..., 0,2 a — 2607),

where 0 = 0y if n = k + ko and 6 = 0 otherwise. The leading coefficient is —a # 0,
so D(uy) = D(¢?f?) = n+ (p— 1)k + e(k,n) = n; holds. Now n; = k (mod p), so
e(k,ny) =e(k,ny) = ko.

We apply Lemma 2.2.2 or Lemma 2.2.3 again to get

D(us) = D([ur,p-197%]) = D([ur,(p-1)p 97 ']) = n2.
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We also obtain
i
Py (g7 7)) = (=Aa +2002,0,...,0,2)\%a — 4)\6a?). (2.17)
The leading coefficient is nonzero if & # 0 and 2ad # A. Such an « exists because A # 0
and if § # 0 then p > 2. Fix this a. The vector at (2.17) is an eigenvector of 7,, [\] with
eigenvalue \ # 0 for all m > 1.

Now we can use Lemma 2.2.2 or Lemma 2.2.3 and (2.16) to obtain that
D () = D([thm—1,p—1 g_pmil]) = D([ug,pm_1 g_l] = Ny,

as required.

Now it remains to consider the case of p | k. Our arguments are similar to those of
[Kea05]. Suppose that p t n. Let g, u be arbitrary and set f~! := g~ 'u. Then D(¢?fF) =
D([uypy-197Y) = n+ (p — )k = n (mod p) since 2n + (p — 2)k > n + (p — 1)k. We
can proceed with induction to get D(¢*" f ") = D([u,ym-1(p-1y g ']) = n + (p™ — 1)k for
m > 1. Suppose finally that p | n. If n = k, let g be arbitrary of depth k and f = ¢, then
g

f to work for the pair k,n + 1. Then e(k,n) = 1 = e(k,n + 1) + 1. Therefore, the required

m

= g""(7P) 50 D(g*" f» ™) = p™k by Proposition 1.2.4. If n > k then pick ¢ and

follows by Lemma 2.2.1. [
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CHAPTER

Characteristic 2

In the previous chapter we showed that the depth of g?” f P can be determined by finding the

pr—1
p—1

depth of [u,s(,—1) g~ '] where s = . This argument fails for p = 2 and £ = 1. The main rea-
son behind it is that if D(g~') = 1 then the sequence D(g~ "), D(¢72), D(g~%), ... increases
more rapidly. However, when p = 2 the 2™-th powers of an element can be computed more
easily than when p > 3. Therefore, the matrix of Keating can be used to compute [u, g~2"] for
m > 1, and the problem can be reduced to determine D([u,g ', g7 2,97 %, 97%,...,¢°" ']).
It turns out that the bound is almost the double of Keating’s bound for p = 2,k = 1. Recall
that by Definition 2.0.1, e(1,n) = 1if n is odd, otherwise, zero . Denote D,, := D(g*" f~2"),

our main result is the following

Theorem 3.0.1. Let p = 2, and n > 2. Suppose f,g € N such that D(f) = D(g) = 1 and
D(gf™') > n. The table below describes the lower bounds on D,, for the various values of

n, m. Furthermore, the bounds are sharp, that is, in each case there exist f,g € N for which

equality holds.
m=1|m=2 m =3 m >4
n=234 n=273,4
Dp>n+e(l,n)+2"2 -7 |n>2 |n=2
n = 17,8 (mod 8) n=3,4,7,8 (mod 8) forn > 6
n=3,4 n=2>5,6 n=>5,6

Dy >n+e(l,n)+2m2 -9
n=3,4,7,8 (mod 8) forn >6 | n =1,2,3,4 (mod 8) forn > 6 | n=1,2,5,6 (mod 8) forn > 6

n =256
D, >n+e(l,n)+2m2 — 11 : n=5,6 (mod 8) forn > 6
n=1,2,56 (mod8) forn > 6

Table 3.1: Theorem 1
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§3.1 Commutator and power structure forp =2,k =1

From now on, suppose that p = 2 and k = 1. Note that if D(f) = D(g) = 1 then D(gf~') > 2
since p = 2. So, we can assume that n > 2. Since £ = 1, the size of the matrix A, at (2.5)
is too small for our purposes. Hence we redefine the matrix Ay, for h = 1, by extending its
size. This needs more careful computations. Let b = x + 2% 4 rox® + rsz* + r42° + .., and
u = x + 5023 + 512 + s92° + s32% + .. .. Note that r; = 1 by our assumption on k. Let
[u,b] = z + Opx* + 0125 + 022 + 0327 + 0,2% + 052° + Os2° + 072! (mod 2'2). Now we

have

ub = + 2% + (ro + 50) 2% + (13 + 51 4 50)x* + (4 + 59 + 1950 + 80)2°
+ (r5 4 52+ 53 + 1350 4 50)2° 4 (rg + 272 + 4.4 T450)2”
+ (17 + 81 + 8973 + 83 + 84 + 55 + 580 + 350 + T250)2°
+ (rg + Sar4 + So + 8472 + 84 + 86 + 7680 + T3S0 + TS0 + T280) T’

+ (rg + Sar5 + S + S372 + S3 + Sar3 + S4 + S¢ + S7 + 1750 + 550 + r3So + 7"27’330)3:10

+ (7’10+827’6+82T2+S47’4+S4T2+847’2+84+86T2

11 12
+ s3 + 1850 + T4S0 + T'6S0 + r2TaSe + Tar3S0 )T (mod z™°)

bu =z + 2 + (ra + 50)2° + (81 + 73)x" + (89 + 1y + 1250)2° + (83 4+ 75 + rasy + s0)2°
+ (84 4 16 + 1289 + 1980 + 1480)T” + (85 + 17 4 1983 + 81 + 1451)2°
+ (86 + T8 + 1984 + 1981 + 1489 + 1250 + 1680) 1
+ (87 419 + 89 + 1985 + 1483 + 1651 + T28180 + T550) T

11 12
+ (88 + 710 + 7286 + ToSg + 1484 + T6S2 + T2S250 + 28150 + TeSo + T'8S0)T (mod )

bulu,b] = x + 22 + (ry + 50)2° + (13 + 51 + Op)x* + (59 + 74 + 1950 + 01)2°
+ <92 + (ro + S0)0p + S3 + 75 + ros1 + so>a:6
+ (93 + (12 + S50)01 + 54+ 16 + 7252 + 1250 + 7‘480)$7

+ (64 + (7"2 + 5(])02 + 90 -+ (52 —+ 1y + 7"280)90 + Sx + 7 + 79853 + 81 + 7’481)%8
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+ (05 + (ro + 50)05 + (S92 + 14 + 1250)64
+86 + T8 + ToSy + 1981 + T480 + rasg + r650) z?

+ (96 + 01+ (19 + 50)04 + (S92 + 14 + 1250)02 + (54 + 76 + 7252 + 7250 + 7450) 00
+87 + 19 + S + 1S5 + 1483 + r631>x10

+ (97 + (1o + 80)05 + (12 + S0)01 + (84 + 1252 + 76 + 7250 + T450)01
+(82 + 14+ 7250)03 + Sg + 110 + r2Se + ToSy + 7484 + T6S2

11

+(r2s2 + 7981 + 16 + rg)so)x (mod z'?).

By solving the equation bu[u,b] = ub (mod x'?), we can get the commutator [u,b] mod

(mod %) which is

[u,b] = 2 + spx* + soz® + |:(T2 + 73+ 1)sg + rosy + 32} 28 + sox”
+ [(1 + 7’2(7’3 -+ 1) + T251 + T4 + 7‘5)80 + (7”2 + 7“4)51 + (7’2 + 7"3)82 + (7’2 —+ 1)53 -+ 84] LL’S
|:7“2+7“3+82 50+T281+82+S4].1' + |:BS()+7“681+(7"2(1+7’3)+T’4+T5+1)82

+ (ra+ro+1)s3+ (rg+ 13+ 1)sy + 1985 + 36]:510

11

[080 + 1981 4 128y + (12 + 1)34]:1; (mod z'?)

where B, (' are polynomials in the coefficients of u, and b whose explicit expressions are
irrelevant. Let 7 = (sq, 1, S2, ..., S7) and t; = (0, 61,0, ... ,07) be the coefficients vectors
of u, [u, b] for the terms 3% and '+, respectively, for i > 0. Then the formula above gives us

VAo = 1, where Ay 5 is

1 1 rod+r3+1 1 14mr(rs+1)+rasy+ra+rs ro+rs+ s * *
00 T9 0 To + 74 ) T6 T2
00 1 0 ro + 13 1 re+rars+ra+rs+1 0
00 0 0 ro + 1 0 r4+1r9+1 0
00 0 0 1 1 ro+13+1 ro +1
00 0 0 0 0 T2 0
00 0 0 0 0 1 0
00 0 0 0 0 0 0
3.1
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We use * for the entries which are irrelevant for the computation. We can obtain the matrix

Ap n41 from the matrix A, , by deleting the first row and column of A, ,, forn = 2,3,4,5. We

get
0 r9 0 ro41ry 19 6 9
0 1 0 ro+r3 1 rot+rers+ra+rs5+1 r9
0 0 0 r»+1 O ry+19+1 0
Apz=10 0 0 1 1 ro+ 713+ 1 ro+1[, 3.2)
0 0 O 0 0 T 0
0 0 O 0 0 1 0
0 0 O 0 0 0 0
1 0 ro4+1r3 1 ro+rorg+ryg+rs+1 o
00 m+1 0 rg+re+1 0
0 1 1 ro+rs+1 ro+1
Apg = ; (3.3)
00 0 0 ) 0
00 0 0 1 0
00 0 0 0 0
0 r94+1 0 rg4+r9+1 0
11 7“2+T3+1 7"2+1
0 1 1 T2—|—T3—|—1 ’I“2+1
00 o 0
As=10 0 0 ry 0 |, A= : (3.4)
00 1 0
0 0 0 1 0
00 0 0
0 0 0 0 0

Note that to determine the above matrices we need to consider the coefficients coming from
the terms z2"+2 22+3 22" in bu and bufu, b]. Let n > 7, b as above, and u = z + spaz™ ! +
$12"72 4 823 + ... Then 2n + 2 > n + 9, so those terms in bu and bu[u, b] do not affect
the solution of ub = bulu, b] (mod ™). Hence, for n > 7, by using similar computations as

in the case n < 7, we can write a general formula modulo 2" to determine Ay . Indeed,
ub = x+ 22+ + . a2+ (rn + o)™ 4 | Tt + so(n+ 1) + sy | 22
+ | Tnao + sora(n+1) + 5o (”;1) +s1(n +2) + so| 23

+ | rgs +sors(n+ 1) + s0("5) + sira(n +2) + 51 ("5%) + sa(n+ 3) + s5| 2"
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+

+sora(n + 3) + 52 ("57) + s3(n + 4) + 54 [ 2"

+31’f’2

("
+53("3%) + sa(n +5) + s5 | 27FS

+50 ("5 + sirs(n+2) + sirs (" ; + 8179 (";2) +s1("
)

)
+S979 -2"- ) + SoT2 (n—?i)-?;) + 82( 1_

("
+54("3%) + s5(n + 6) + s6 |27

)+817’6n+2 +817’3 ;)
) + sars(n + 3) + sor3 (;“)—%527“2( )+32(
by )+

+
5
+837"2( )+S3( 4 sars(n +5) -FS4(;r

ts0("7
+31( JGF
+8372 (

2

+55("3°%) + sg(n + 7) 4+ s7|2"®  (mod z"?),

n—i—l)

Tna7 + Sor7(n+ 1) + sors (";1) + 5073 (”;1) + Sorars (";1) + 307“3( s

Tnta + Sora(n + 1)sor ("'QH) + ST (";1) - sg( ) + s1r3(n+2) + 51 ("+2)

Tnis + Sors(n + 1) + sors (”31) + SoT2 (n;rl) + So ("gl) + s174(n + 2)

5+ sira("3) 4 51 ("F?) + sars(n+ 3) + 52 ("4%) + sara(n +4)

Fss £ sors(n + 1)+ sors ("3 ") + sora (") + sor2("37) + sora (75

) =+ 827’4(71 + 3)

) nt2
5
+ sgr3(n +4) + s3("L*) + sara(n + 5)

+ 817“4( ) + S1T2(n;r2) + 817”2( ;2)
)—i—sgm n+4)
)

+ s512(n + 6)

bu=a+ 2%+ rerd . 12"+ (rn + 50)2™ T A (Thgr + 512" 4 (rasg + s9)a"

+(rosy 4 53)2™ T + (rgsg + 1480 + 54)T" 0 + (1983 + 1481 + 85)2" O

+-(rosy 4 1452 + 1650 + 56)T" T + (1985 + 1453 + 1651 + 57)2" T (mod 2™0).

Take [u, b] = 2+ 00z 2+ 012" 3+ O™ + 032" 5 + 0,276 + 052777 + O™ 8

Then

(mod z"1).

bulu,b) =z + 2% + 192 + ...+ 112 + (10 + S0) 2™ 4 (P + 81+ Op)a"

+ (Tn+2 + 1980 + So + 91)13”+3 + (Tn+3 + ros1 + 19y + s3 + 62)$n+4
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+ (Tn+4 + 1989 + 4S50 + 7“291 + 84 + 83)In+5
—|— (T’n+5 —I— 983 + T451 =+ T292 —|— 7"400 + Sp —|— 94)In+6
+ (Pnte + T84 + TaS2 + 1650 + a6 + 12 + 56 + 05)2"

+ (’I"n+7 + T9S5 —+ T4S3 + T6S1 —+ 7“600 -+ 7"402 + 7‘204 + Sv7 —+ 06)1,714-8 (mod Zl'n+9).

Now we have

[u, 0] =z + |(n+1)so|z" ™ + (nrg + (";rl))so +nsy |23

+ (n +1)(ro +13) + (ngl))so + ((n + 1)rg + (";2))91 + (n+ 1)sg |z"H*

+ <n(7’2 +74) + (”;1)7*2 + (n11)>80 + <n(r2 )+ (n;—2)>81

(nr2+ (157)) + nss | ant?

+ (D rars 1)+ ()4 (7)) so
(4 D)+ O+ ) )+ (04 D +rs) + (7))
+((n+ Dt (757 )5+ (0 + 1)54] o

+ [(nlra 1)+ (T () at ) + () () + (7)) so

+7

+ <m"2 + (";5)>s4 + nss|x"

<(n + 1) (rg +r3ry +ro(1 4+ r3 4+ 1r5) +1r7)

(n;rl) (T3 + 714+ T5) + (n;l) (T2 + 7“3) + (n;d))S() + ((n + 1)(7’2 + 7“(5)
(52 s+ 1) + (5 + (P (e + (157) )

(4 D)2+ 7475 +7ar3) + ()7 + (1) )2

(D) + (57 () )ss o+ (0 DOz +70) + () )34

+((n+1)rs + (n;6)>s5 + ((n + 1))36] "8 (mod x"*Y).

+
4
.
N
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Then Ay, is

0 r9 0 % * 0
0 241 0 x 0 01 0= (") = 0
0 1 1 % rg—&—("IQ) 0 00 «x 0 =« 0
0 0 0 * 0 ;100 01 1w o+ (MY
0 0 01 0 0000 0 = 0 (5.3)
0 0 00 0 0000 0 1 0
0000 0 0 0
ifn=1,5 (mod 8) if n = 3,7 (mod 8)

For the even values of n, we can obtain the matrices by deleting the first row and column of

Ap n—1, for example,

11 % rp+ (P2
0 0 =« .
App = ifn=2,6(mod8). (3.6)
001 0
000 0

Before going further, we need some observations related to the powers of b. We have

b=x 4 2%+ ryx® + ryax* +r42° + .. . then by direct substitution we obtain
b2 =z + aszt + a5z’ + ara® + gz + agrt® + . .. 3.7

where aig = 14719, a5 = rorg+ry, a7 = ro(rs+r3+1)+r3ry+rs+re, ag = ra(rs+ra+1)+76,

Qg = roT7 4+ 14r5 + 75 + 376 + 16 + T8, a9 = To(r4 + 1r3) + 76. From here,
b22 =x+ b11.§U12 + b13$14 + 6153316 + b16I17 + b17.§U18 + blgﬂilg + ... (38)

where by = ag(as +asg), big = asos + agoas, bis = as(1+aqp) + g + agor + agas + agaas,
b16 = g + Qp0s, b17 = &5(1 + 0612) + agvg + g7 + 14, and b18 = 0. The fOHOWng

formula from [HegO1, Formula (4)] will help us to compute larger powers of b.

Leta = x + apa®*! + ap1 22 4+ ap32"3 + ... € N with k > 1. Then

(14 1) -
o =z+ Y aa;(i+ 1)z + Zal + AT (mod 2. (3.9)
7.]>k ,]>k)
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The following observation is a direct application of the formula (3.9).

l 00
Lemma 3.1.1. Leta = x + Y apyx™ ™2 + Y ap ;28 where k is odd, | € N, and

i=0 j=2l+1
k> 20+ 1 then
I+1 o)
W=t Zcix2k+2l+2i 4 chx2k+4l+2+j'
i=1 j=1

In Lemma 3.1.1, the first odd power term in a is 2**%*2, This causes a larger drop of the
depth of a? than expected, that is, D(a?) > 2k + 2] + 1 and the first odd power term in a? is
p2hHA241

Let us see an application of Lemma 3.1.1 which will give us the larger powers of our
b= w422 +roxd+ryzt+ra®+. ... We have b2 = 2+by1 2 24+-b13014+by528 +b1g2 7+ 8+
bisz'®+..  here k =11 = 2'—5and [ = 2. Then D(b*’) > 2(2' —5)+2.24+1 =25 —5 =27

and b2° = & + o7 + 2920 + 51232 + ¢3223 + .. .. Following this way, inductively we get
b=z +ar? T 4 82T 42T (mod 227 (3.10)

for m > 1, and for o, 8,y € I, (depending on m).

Now we have b? = = + asgz* + o528 + ar2® + agz® + agz!® 4+ .. .. Let n be odd and
up = = + Sz + 512" 4 spx™3 + ... We need to find the solution of b?u;[uy, b?] =
u1b? (mod z"13) in order to find the coefficients of [uy, b*] modulo (mod z"'3). Note that
the first term in b%u; or b%u;[uy, b?], which may affect the solution of the equation above, is
2n + 5. If n > 9 then 2n + 5 > n + 13. Therefore, for n > 9, we can write a general formula

(mod z"™13) to determine Ay ,, of size 9. Indeed,

ub® = 1+ azrt + asa® + arx® + agr? + ..+ a2 + (s + ap )z

+ (81 + Oén+1)fljn+2 -+ (SQ -+ Oén+2)l'n+3 -+

83+ Qpys + (n+ 1)soa3] gt

+ |Ssa+ ania+ (n+2)s103

+ |86+ Qpye + (";rl) Soas + (n + 2)syas + (n + 4)szas

x’ﬂ-‘r5 +

S5 + Qnia + (n+ 1)soas + (n + 3)82a3] o

an+7

+ |87+ auyr + (n+ Dsoar + ("37)s103 + (4 3)s2a5 + (n + 5)ssa + |2+
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+

ss + nas + (n+ D)soas + (n+ 2)s1a7 + ("5°) s2a3 + (n + 4)s3as

+(n+ 6)S5a3] ™o

So 4 Qnyo + (n 4+ 1)soag + ("4%) soas + (n + 2)s1a5 + (n + 3)s207

+("3 ) s + (n + 5)saas + (n + 7)56(13] 10

S10 + 10 + (n + 1)800[10 + (n;rl)80045 + (TL + 2)810{9 + (n;r2)810[3 + (n + 3)820[8

+(n + 4)szar + (”;5) sqa3 + (n + 6)ssas + (n + 8)57a3] it

511 + Qpgn1 + (0 + 1)spaq; + (n;rl)soag% + (n+ 2)s1000 + (H;Z)Sl%

+(n + 3)ssag + (";3) soaz + (n + 4)szag + (n + 5)sgar + (";6) S50r3

+(n+ 7)seas + (n+ 9)sgas | z"12  (mod z"H13)

Vu, = o+ asz + asa® + aza® + agr? + .+ a2 + (g + Sp) 2™

(g1 +51)2" 2+ o+ (pgr + 57)2™ + (s + S5 + Soag)a™ T
+(C¥n+9 + Sg + Sloég)xn+10 + (Oén+10 + S10 + S208 + 80a10)$n+11

+(an+11 + S11 + szag + 310410)[En+12 (mod $n+13)

Let [uy, V%] = z + Opa™ ™ + 01275 + G20 + .. + Ogz™ ™2 (mod z"13). Then

Vui[u, 0?] = o+ azx? + asa® + ara® + agr® + ..+ a2 + (a, + sp) 2!

Qni1 + 51)T" 2 + (g + 82)2" T + (i + 83+ Op) "™

Oén+4 —|— Sy + 01)$n+5 —f- e + (Oén+7 —|— S7 =+ 84)1‘n+8

Qny10 + S10 + Saaig + Soaug + O7)ax™TH

+ + + o+ o+

(
(
(Qpig + 8g + soag + 05)2™ ™ + (g + Sg + s108 + O) ™10
(
(

Qg1 + S11 + S308 + s1000 + agf + Og)x" T (mod 27 F1?).

Now by solving the equation b?u;[u1, b*] = u1b* (mod z*13), we get the following matrix for

an odd number n > 9
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00 0 ("Mas 0 as 0 * 0
0 ag 0 a5 ("$Hes  ar 0 + ("37)as
000 0 0 ("FPag 0 * 0
00 0 o3 0 a5 ("TNas  * 0
Ap, =10 0 0 0 0 0 0 * 0 ) (3.11)
000 0 0 o 0 x ("T%as
000 0 0 0 * 0
000 0 0 0 a3 O
000 0 0 0 0 0

Let n = 3, then

urh? = 2+ (ag + s0)x* + 512° + (a5 + 82)2° + 85327 + (7 + azsy + s4)2° + (ag + s5)2°

+ (ag + o581 + i3s3 + 86>ZE10 + (Oélo + 87).T11 + (OCH + arS1 + a3Se + (s S3 + i3Sy + 88)1’12

+ (12 + agsy + asss + 89)9613 + (on3 + agsy + arss + aS5 + azsy + Slo)x14

15
+ (14 + 1081 + Qgss + S11)T

16
+ (a5 + a3sp + 1151 + Q5S2 + g3 + i3s3 + 7S5 + Qi3S + sS7 + A3Sg + S12)T

17
+ (16 + 1251 + @381 + 1S3 + 553 + QgSs + i3Sy + S13)T

18
+ <Oé17 + 1351 + Qi3S9 -+ 1183 + 305 S3 + Qg S + Q7 Sy + Q5 S9g + Q3511 + 814)$

19
+ (0418 + V1451 + V19S3 + 3S3 + Q1085 + agSt + 815)23
+ (Oélg + 1551 + gS1 + (6% &D) -+ V1353 + Q7383 + 53853 + 11855

20 21
+a5s6 + oSy + st + arSg + a3S10 + a5S11 + 3S13 + S16)T (mod ")

Vuy = o+ (o + s0)x + 5127 + (a5 + 59)2° + 8327 + (a7 + 54)2° + (ag + s5)2°

+ (Oég + 86>l‘10 + (0410 + 87)$11 + (Oén + o580 + agsSp + Sg)xu

+ (o2 + agsy + Sg)xlg + (o3 + assy + agse + aipso + 810)$14

15
+ (014 + a10S1 + agS3 + S11)T

16
+ (a5 + a3So + @52 + Qgsy + Sy + pSe + Q1250 + S12)T

17
+ (a6 + 281 + 1083 + agSs + a10So + S13)T

18
+ (o7 + 583 + asSo + gSe + gs1 + QoSs + Q1282 + Q1450 + S14)T
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19
+ (0618 + Q1451 + Q1983 + Q1085 + QagSy + 1081 + 815)1'

+ (19 + 381 + 584 + QgSs + gSa + Q1S + Q1050 + Q1254

“+1380 + (11483 + Q1680 + 816)1'20 (mod 1721).
Let [uy, V%] =z + 270y + 280, + 2905 + ... + 2%°013  (mod z*!). Then

bPuyfug, ) = 2 + (a3 + so)x* 4 512° + (a5 + 82)2° + (6 + s3)27 + (01 + a7 + 54)2°
+ (02 + ag + s5)2” + (03 + ag + s6)2™° + (01 + 5100 + 10 + s7)z'!
+ (05 + s161 + a1 + asso + asso + s8)T' + (06 + 5102 + 5300 + 12 + agsy + sg)
+ (07 + 5103 + 5361 + 13 + assy + asse + 1050 + S10) 2
+ (05 + $104 + s302 + (s + 85)00 + 1a + 1081 + Qgsz + s11)x°
+ (99 + 5105 + s365 + (as + s5)61 + 15 + asso
+ 582 + (gsy + S + 1pS2 + Q120 + S12> '
+ <910 + 5106 + 5304 + (g + 55)02 + (10 + 57)0
+ a6 + Q281 + QoS3 + agss + aoso + 513)3317
+ (911 + 5107 + (a5 + 52)00 + 5305 + (ag + 85)05 + (a1 + 57)01
+ a7 + a5S3 + a5S0 + (gSg + QigS1 + Qr1pSa + QrpaS2 + Q1aSp + 814> z'®
+ <912 + 5105 + 5366 + 5300 + (s + $5)04 + (19 + 57)02 + (12 + ags1 + S9)6
+ g + 481 + Q1283 + 0S5 + QST + 1081 + 315>$19
+ (013 + 5109 + (a5 + 52)01 + s307 + (g + $5)05
+ (0o + 57)05 4 (12 + agsy + s3)01 + aig
+ 381 + (584 + igSg + QigSa + Qr9Se + Q1S

20 21
+ 1254 + 1380 + (1483 + 1650 + 816>ZL’ (mod X )

Now by solving the equation b*u;[ui,b*] = u1b* (mod z?'), we can get the matrix Ay 3 of
size 14. Then we can obtain the matrix A2 ,,o from the matrix A2, by deleting the first
two rows and columns of A2, for n = 3,5. We need only the upper left 9 x 9 corners

of Ay 3, A2 5, A2 7. The form of the matrices is almost similar as in the case n > 9. The
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differences are only at the irrelevant entries denoted by * , and at the (0,6), (1,6) entries of

Apz 3 which are ag + a5, and a7 + as, respectively.

Now consider b*" for m > 2. First of all, D(b*") > 2™2 — 5 > 11 by (3.10). Let

2m+2_5 = kand so D(b*") > k. Again by the equation (3.10), b*" = 2+ ¢z +cp o3+

Croa T 4 s 0 4 g™+ L Letug = o + 502" + 51272 + 552" + ... where

n is odd. Now we can determine the matrix A of size 11 by using (2.5) which is

000 0 0
Ock00k+20
000 0 0
000 ¢ O
000 0 0
Apm =10 0 0 0 0
000 0 0
000 0 0
000 0 0
000 0 0
000 0 0

ck+s 0 % 0 % 0
ck4a 0 % 0 % O
0 0 0 % 0
ck42 0 % 0 x 0O
0 0 0 % 0
c. 0 % 0 % O
0 0 0 % 0
0 0 % 0 %0
0 000 %0
0 000 %0
0 00O0O0O0

(3.12)

Note that we change the notation and use A,>~ instead of A~ ,, because for m > 2 the form

of the matrix is same for all odd n € N.

By using (3.7), (3.8), (3.9), we have got the following examples which will be our main

examples to show the sharpness of the bounds in Theorem 3.0.1

b

b2

2", m > 2

.|z +2%2+2°

x + 2% + 2° (mod 1?)

m+2 m+2 m+2
x4+ 22" + 2 (mod 22T HY)

I+I2+$3+I4+I7

x4+ 25 + 2% + 2° (mod 21?)

42 42 12 +2
x4+ 22" 4oz + 22" (mod 22T 2)

x4+ 22+ 2t

x4zt + 216

22771, 22m+1
r+x +x

Eal

x4+ +at+2°

x4+ 2t + 2% + 2% (mod 21?)

x + 22 + ax!® (mod 21®) for m = 2

where o € F,.

Table 3.2: Examples

§3.2 Maximal deviation of large powers, p =2, k =1

The main aim of this section is to prove Theorem 3.0.1. Let f, g € N with D(f) = D(g) = 1

and D(gf~') > n where n > 2. Setu,, = ¢* f~2" for m > 0. Recall the well known

commutator identity: for any group G and for any z,y € G xy = yz[z,y|. Note that f~2" =
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g~ 2" u,,. By taking square of both sides and using the commutator identity, we get

2m+1f72m+1 m

= ufn[um,Lc]’QM}[[lam,LCf2 |, ). (3.13)

Let m > 0, denote by 7/, the coefficient vector of w,,. For m = 0, denote 7/ = 7}, and
u = up. Let D(u2) > B, D([tm, g7%"]) > Cpn, and D([[tpm, 972" ], tum]) > En. Let
M, = min{ By, Cp, En}, and a € {u2, [tm, 72" ], [[ms 972", um]}. Let 1, , denote the

vector consisting of the coefficients of the terms 2=+ in a for i > 0.
Remark 3.2.1. Let m > 0 and suppose that D(u,,) > 7. Then D([[tn, g7 >"], um]) >
D([tm, g~ *"]) + 7 by Proposition 1.2.3. It follows that

2m+1 _2m+1 2
g f

= 02 U, g2"] (mod P (m9 ™" D)

Remark 3.2.2. Suppose that D([u, g ']) > n+e(1,n) + 1 and n > 7. By Proposition 1.2.3,
we have D(u?) > 2n+e(1,n) > n+e(1,n)+1+6 and D([[u, g7 '],u]) > n+e(l,n)+1+7.
Therefore, by (3.13), D(¢*f %) > n+e(1,n) + 1 and

D(g2f72) = [u’ gfl] (mod xn+e(1,n)+7)_

Let 7 = (s, 51,83,...) and g7' = x + 2% + roz® + r3z* + ry2® + . ... Throughout the
proof instead of over complicating the notation we will use C'x to denote an undetermined value
which is 0 if C' = 0, or we will use only * when C' is not important.

The following is a key observation of our proof:

Lemma 3.2.1. Let m > 2, and n > 2 arbitrary. Suppose that U,, = (x,0,%,0,%,%,...,%) and
D(uy,) > n+e(l,n)+2™2 - K, where K € {7,9,11} as in Theorem 3.0.1 (e.g., forn = 3,4
K=9ifm=2 K="Tifm > 3 and so on). Then

D(upi1) = D(ngHf_Qmﬂ) >n+e(l,n) 2" — K, Uy = (%,0,%,0, %, %, ..., %).
Equality holds if D(u,,) = n + e(1,n) + 2™ — K, and one of the followings is satisfied:

(@) n=2,m > 2, Up, = (1,0,%,0,%,0,%,%,...,%), and (0,6) entry of A,—m is 1,
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(b) n=3,4,5,6, U, = (1,0,%,0,%,0,%,%,...,%), m > 3, the (0,6) entry of Aj—=m is 1 for
m > 2, and the (5,6) entry ong,zg is 0,

() n 27, Up = (1,0,%,0,%,0,%,%,...,%), m > 2, the (0,6) entry of A,—>m is 1 form > 2,

and the (5,6) entry of A 2 is 0.

Proof. First, note that by (3.10) we have D(g=2") > 2™*2 — 5. Then, by the matrix at (3.12),

ﬁmAg—zm = (0,0,0,0’0,*70,*’07*’0) —
D([tm, g 2" ) > n+e(l,n)+2"2 - K +2™2 545

=n+e(l,n)+2" - K. (3.14)

On the other hand, D(u2)) > 2(n +e(1,n) + 2™ — K)+5 > n+e(1,n) + 2™ — K, and
Uiz, = (%,0,%,0,%,%,...,%) by Lemma 3.1.1. Also, by (3.14), we have v, 1, ,—2m) =

(%,0,%,0,%,0,%,%,...,%). Then by Remark 3.2.1,
ﬁm+1 = (*7()’*70’*7*7' . 'a*)a D(Um+1) Z TL‘I’@(LTL) + 2m+3 — K.

Essentially, a similar proof implies our claim about equality. Indeed, for all the cases
(a), (b), (c) above, we have 7, .y, -2 = (1,0,%,0,%,0,%,%,...,%), and 11,2 =

(0,0,%,0,%,0,%,%,...,%). So we have U, 1 = (1,0, %,0,%,0, %, %, ... %). O

For the small values of n we do not have a regular formulation for the corresponding ma-
trices, so we have to investigate case by case. Hence, we first look at the general cases, that
is, when n > 7. Then we look at the small values of n. We divide our proof into cases corre-
sponding to the different values of n modulo 8 since we have different matrices corresponding

to in these cases.

n>"m:

First we determine v, and D(us) for each of n = 1,3,5,7 (mod 8).

n = 1 (mod 8) : By using the first matrix at (3.5), and Remark 3.2.2,

Ay, = (0,%,%,%,19%) = D([u,g']) >n+D(g"")+1>n+2=3(mod8),
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= D(uy) = D(g2f_2) >n+2, U= (%% k roxk k... k).

Now by using (3.7) we have ¢72 = x4 asz* +as2® + o728 +agx® +agx!® +. . ., and asry = 0.

By using the matrix at (3.11), Remark 3.2.1 and Proposition 1.2.3,

Ay 0 = (0,a3%,0, a5 x +azx, 0, %, azrox, *,0) = (0, agk, 0,%,0,%,0,%,0,%,...,%)
= D([u, g7 %) >n+2+D(g*)+1>n+2+3+1=n+6=n+e(l,n)+2"— 11
D) >2n+2)+1>n+6+n—1>n-+6+8.
= D(uz) = D(¢% %) > n+6 = nte(L,n)+2*—11, 7y = (asz*, 0,0, %,0,%,0, %, ..., %).

n = 3 (mod 8) : By using the second matrix at (3.5) and Remark 3.2.2,
Ay, = (0,%,0,% % % %) = D(u,g7']) >n+1+1=5 (mod8),
= D(u)) = D(g*f2) >n+2, U] = (5,0,%, %, %, %, .., %).
By using the matrix at (3.11), Lemma 3.1.1 and Remark 3.2.1,
1 Ag-2 10 = (0,0,0, a3%, 0, %,0, %, ag)
= D([u,g7%)>n+2+3+3=n+8=n+e(l,n)+2*-9.
D(u}) >2(n+2)+3>n+8+10.
= D(u) =D(g¥ f ) >n+8=n+e(l,n)+2"—9, 1 = (ag, 0,0, %, agk, *, ..., %).
n = 5 (mod 8) : By using the first matrix at (3.5) and Remark 3.2.2,
UAg1, = (0,%, %%, %) = D([u,g7']) > n+e(l,n) + 1 =7 (mod 8)
= D(u)) = D(g*f ) >n+2, 0] = (5, %,,...,%).
By using the matrix at (3.11), Remark 3.2.1 and Proposition 1.2.3,
Ay 0 = (0,a3%,0,%,0, %, azk, *,0)

= D([u,g7)>n+2+3+1=n+6=n+e(l,n)+2*—11.
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D(w?) >2(n+2)+1>n+6+12.
= D(ug) = D(¢° f7%) > n4e(l,n) + 2" — 11, v = (ag*, 0, %, 0, %, ags, %, 0, %, %, ..., %)

n = 7 (mod 8) : By using the second matrix at (3.5) and Remark 3.2.2,
UAg-1, = (0,%,0,%,%, %, r9%) = D([u,g"']) > n+2=1 (mod8).

= D(u)) = D(g*f2) > n+2, ] = (x,0, %, %, %, 9%, %, %, ..., %).

By using the matrix at (3.11), Lemma 3.1.1 and Remark 3.2.1,
Ay 0 = (0,0,0,a3%,0,%,0,%, asrex) = (0,0,0, agx, 0, %,0,%,0) (as agry = 0)

= D([u,g7%)>n+2+3+3=n+e(l,n)+2*-09.
D(uj) >2(n+2)+3>n+8+6.

:> D(uz) = 'D(g2f72) Z n + 6(17n) + 24 - 97 I/_é = (a3*707 *707 *707 *7 *7 et *)

Now we have the vector 5 = (agx*,0,%,0, %, dag*, *,*,...,%), where § = 0 if n =
1,7 (mod 8) and § = 1if n = 3,5 (mod 8). Also D(uz) > n + e(1,n) + 2* — K, where
K =11ifn=1,5(mod8), K =9ifn = 3,7 (mod 8).

Suppose that o3 = 1 then by using (3.7), (3.8) and (3.9), the coefficients of the terms z'”
in b2° and 232 in b2* are both zero. So (0, 6) entry of the matrix at (3.12) is zero for m = 2, 3.

Thus,
I/EAQ,QQ =(0,0,0,0,0,0%,0,%,0,%,0) = D([u2,g_22]) >n+e(l,n)+2°— K+

where A = 2if § = 0, A = 0 otherwise . On the other hand, by Lemma 3.1.1, D(u3) > 2(n +
e(l,n)+2'—K)+5+A > n+e(l,n)+2° -~ K+4+ )X and Vsu3 = (0,0,0,0,%,0,%,%,...,%).

Now by Remark 3.2.1,
U5 = (0%,0,%,0,%,0, % %,...,%), D(us) >n+e(l,n) +2° — K+ \
Above we noted that (0, 6) entry of the matrix at (3.12) is zero for m = 3 so

A, 2 = (0,0,0,0,0,0,0,%,0,%0), D([us, g *]) > n+e(l,n) +2° — K + X +2.
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On the other hand, by Lemma 3.1.1, D(u3) > 2(n+e(1,n)+2° = K+A)+7 > n+e(l,n)+

20 — K + X\ + 2 + 6. By Remark 3.2.1
V_ﬁlz(*aoa*aoy*a*a-'w*), D(U4)ZTL—|—€(1,TL)—|—26—K—|—)\—|—2

Here we can apply Lemma 3.2.1 with an inductive argument to get D(g*" f=2") > n+e(1,n)+

2m+2 _ K 4+ \ 4 2 form > 4.

Now suppose that a3 = 0 then v = (*,0, %,0, %, %, ..., %) and D(uy) > n+e(1,n)+2* —
K + 2. Now we can apply Lemma 3.2.1 with an inductive argument to get D(g*" f~2") >

n+e(l,n)+ 2™ — K + 2 form > 2.

Now we have

(

- n+e(l,n)+2m2 - K ifm =2,
D(g*" f7*") = 4 (3.15)
n+e(l,n)+2m2 - K42 ifm > 3.

\
p

om om n+e(1,n)—|—2m+2—K’ 1fm:2737
D(g* f7) > (3.16)

n+e(l,n)+2m2 - K'+2 ifm>4.

where K, K/ = 11 if n = 1 (mod 8), n = 5 (mod 8), respectively, and K, K’ = 9 if
n =7 (mod 8), n = 3 (mod 8), respectively. This confirms the bound of Theorem 3.0.1 in this

case.

n=2406,8 : The case of an even n > 8 is closely related to its odd counterpart
n — 1, above. We see that A1 is exactly the same vector as 7; obtained for n — 1, above. On
the other hand, D(u1) = n+e(l,n)+1=n—1+¢(1,n — 1)+ 1 as n is even. From now
on the proof is the same as for n — 1, above, so are the bounds. Now return to the sharpness of

the bounds.
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Example forn =1,2,5,6 (mod 8) :

m<3:Letn=1,5(mod8) and g~' = x + 2? + 2* + x°. We have the following matrices

by using the matrices at (3.5), (3.11), (3.12), and example 4 in Table 3.2

00000O0O0 %0
010 x 0 x 0 % 0
010=x% 0 00000 <e€0 0
011« (" 00010 *e€=x0
Agin=1000% 0 [, Aj2r=10000000 x0 (3.17)
000 0 0000010 0
0000 O 0000O0O0O 0
00000O0O0T10
0000O0O0OTODO
where m = 1,2. Also ¢ = 1 if m = 1, zero otherwise. Let 7/ = (1,1,%,%,..., %)

then 7A,1, = (0,0,1,%, ("1?)). Now v = (0,1, ("}?),%#,...,). It follows that
iAg2 a0 = (0,1,0,%,0,% ("1?),%,0) and so D(¢* f %) = n + e(l,n) + 2! — 1L
Hence, for m = 2 and n = 1,5 (mod 8) we have the desired bound. Now suppose
n = 5 (mod 8) then ("12) = 1. So we have 5 = (1,0,%,0,%,1,%,0,%,%,...,%). Thus,
A, » =(0,0,0,0,0,1,0,%,0) and so we have D(¢* f~') = n + e(1,n) + 2° — 11, which

is the desired bound for n = 5 (mod 8). For the even values n = 2,6 (mod 8), it can be directly

seen that the same example produces the desired bound which is same as for n = 1,5 (mod 8).

n+1

Indeed, from 74,1, we get 1, = (1,1, %, ("]

)) which produces same % and D(u5) as in the

odd case.

m>3:Letn = 1,5 (mod 8) and ¢! = z + 2% + 2% + 2 + 27. By using the matri-

ces at (3.5), (3.11), (3.12), and example 2 in Table 3.2,

(3.18)

s

|

-

I
o O O O O
o O O = O
o O O = O

[anl S

S O O+ O

|

™)

3
O O O O O o o o o
O O OO O O O o oo
O OO OO O o oo
O O O OO O o = O
O O O OO o o oo
O O O OO = O % =
O O O OO o o oo
O O O O O O o o o

[an i R R SR R R R
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Note that for m > 2 we can extend the size of the matrix A972m to 11 with the 11-
th column being zero by using the matrix at (3.12). Let ¥ = (1,1,%,%,...,%). Then
VA1, = (0,1,1,% ("F?) and so v; = (1,1,%, ("1?), %, %,...,%). Now vjA 2, =
(0,0,0,1,0,%,0,%,0), it follows that D(uy) = n + e(l,n) + 2* — 9, and 5 =
(1,0,%,0,%,0,%,%,...,%). The rest follows from Lemma 3.2.1. For the even values n =
2,6 (mod 8) the same example works. Similarly to the previous case, after the first step we
get i = (1,1, ("}")) which produces same % and same D(us) as in the odd case. So the

4

rest is the same as in the odd case.

Example for n = 3,4,7,8 (mod 8) :

m<3:Letn = 3,7 (mod8), and g~' = x + 22 + 2 + 2°. By using the matrices at (3.5),

(3.11), (3.12) and example 4 in Table 3.2 we have the following matrices,

0001020 =x20
000« 0 = 0 010110 %1
010 (") % o0 000000 =0
000=x 0 =« 0 0001020 =x20
Ajip=f0001 1 « (", Ag2pni2=100000 % 0 x 0] (3.19
0000 O =x O 000O0O01Q0=x1
0000 O 1 O 000O0O0OO0OO0OSXX2 O
0000 O 0 O 000O0O0OO0OO0OT1OQO
000O0O0O0OO0OO0OO0OO
000O0O0OO0O0OSX=X2 O
01000« 0=x20
00O0O0OO0OO0OO0S=*xO 0
00010O00O0=x2 0
Ay 2=10000000 %0 (3.20)
000O0O0O1O0=%*xO0
000O0O0OO0OO0OSX=X© 0
000O0O0OO0O0OS=*O 0
000O0OO0OO0OO0OO0OO
Let # = (L, 1,1, ("}%),*,%,...,%). It follows that 74,1, = (0,1,0,x,0,%, ("7%) (")
and so 1] = (1,0,5,0, 5%, ("F2) ("51), 5,05, .., ). Now 11A,-2,49 =
(0,0,0,1,0,%,0, x, ("12) (”14)), so D(uz) = n + e(l,n) + 2 — 9, and 1, =

(1,0,%,0,%, ("F*) ("+*),%,%,...,%). Hence, we have the desired result that D(g¥ %) =
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n+e(1,n)+2*—9forn = 3,7 (mod 8). Now suppose that n = 3 (mod 8) then ("}?) ("24) =1.
Hence, 5 = (1,0, %,0,%,1,%, %, ..., %) and so A, 5 = (0,0,0,0,0,1,0,%,0) which implies
D(¢® f~2") = n4e(1,n) + 2° — 9 as desired. For the even values n = 4,8 (mod 8), we use a
similar argument as in the previous cases so the same example works.

m >3 :Letn = 3,7 (mod 8) and g~! = x + 22 + 3. Then we have the following matrices

by using the matrices (3.5), (3.11), (3.12), and example 5 in Table 3.2,

*

[an}

* %
o O O

S %
*

Ay, = R (3.21)

o O O O o o o
S O oo ©o O = =
o O O o o o o

o O O ¥

S O O %
o O O O O o o o o

o O O O O o o o o
o O O O O o o o o
o O O O O o o o o
o O O O O o o o o
o O O O O O o K~
o O O O O o o o o
o O % *

O O O O O O o o o

for m > 1. Let ¥ = (1,0,%,%,...,%). Then VA,1, = (0,1,0,%, %% %) and so
i = (1,0,%,%,%,%). Now 1A, ,42 = (0,0,0,0,0,1,0,%,0) which implies D(uy) =
n+e(l,n)+2*—7and 5 = (1,0, %,0, %, %, ..., x). From now we can apply Lemma 3.2.1 to
get D(g?" f72") = n +e(1,n) + 2™*2 — 7 for m > 2. For the even values n = 4,6 (mod 8),

the same example works because of the same argument as in the previous cases.

n=2:
Recall 7 = (sg, s1, S2, . . .). Without loss of generality, we may assume that s, = 1 because if
sg = 0 then we are in the case n = 3. By using the matrix at (3.1),

VA;19 = (1,1,%,1,% %% %) = D([u,g ') >n+1=n+e(l,n) +1=3.

Letu =z + 2° + s;2* + s02° + . Thenw? = z +2° + s12% + 27 + -+ and s0 7/} .2 =
(0,1,s1,1,%,%,...,%). By the same technique as before, we can write the matrix A, 3 to

determine [[u, g~], u]

1 0 1+s2 0
00 S1 0
Ay = 3.22
u,3 00 1 0 ( )
00 0 0



Hence, (1,1,%,1)A,3 = (1,0,%,0), consequently we have D([[u,¢'],u]) > 5 and
D1 fug-1a = (0,0,1,0,%,%,...,%). Then by (3.13)

= (1,0,%,0,%,...,%), D(u)) = D(g*f?) >n+1.
Now recall the matrix at (3.11). Then
nAg23=1(0,0,0,0,0,%,0,%0) = D([u1,g*]) >n+1+3+5=n+e(l,n)+2" -7

By Lemma 3.1.1, D(u}) > 2(n+1)+5 = nte(1,n)+2*=Tand 1 ;2 = (%,0,%,0,%, %, ..., *).
On the other hand, by Proposition 1.2.3, D([[u1, g72], u1]) > n+e(1,n)+2*—7+4. It follows
that

7 = (%,0,%,0,% %, ....%), D(us) = D(¢* f ) >n—+e(l,n)+2*—7.

Now for m > 2, by Lemma 3.2.1,
D@ f2" )y >n+e(l,n) +2m2 1.

This is the required bound of Theorem 3.0.1.

Example for n = 2:

Let g~ = x + 2 + 23, use the matrix at (3.1) to get

1 1 010 14+sy % x
00101 1 * ok
00101 1 * ok
] 329
000O0GO 0 * 0
000O0GO 0 10
000O0GO 0 00

Let /= (1,0,1,0,1,0, ,%,...,%), then s = 1 and so
VAy;19=(1,1,1,1,0,0,% %) = D([u,g"']) =n+1=3.

Then [u, g7 '] = 2 + 2* + 2° + 25 + 27 + 21 + . ... On the other hand, u®> = z + 2° + 27 +

azt®+. .. where o,y € F,. Recall the matrix A4, 3 at (3.22). Since (1,1,1,1)A, 5 = (1,0,1,0),
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[[u, g7, u] = =+ 2% + 2% + 2! + ... where 8 € F,. Direct substitution for the product

u?[u, g7 ([u, g71], u] gives
v =(1,0,0,0,0,0,%,%,...,%), D(uy) =n+1=
Recalling the second matrix at (3.21), we obtain
nAy23=10,0,0,0,0,1,0,%,0,%0) = D([u1,g?]) = n+14+3+5 = n+e(l,n)+2'-7 = 11

By Lemma 3.1.1, D(uf) > 2.3+ 7 = 13 and 7,2 = (0,0, %,0, %,0, %, %, ..., %). On the other
hand, D([[u1, g7%],u1]) > 11 + 3 + 5 (we use the matrix at (3.11) as D(u;) = 3 and it is in the

same form of b?). Thus
Vs = (1,0,%,0,%,0,%,...,%), and D(ug) = 11 =n +e(l,n) +2* - 7.
Now for m > 2, we can apply Lemma 3.2.1 to get
D(@* ") =n+e(l,n)+2m2 1.

So the bound is sharp in Theorem 3.0.1.

n=3,4,506:

First we will find 7, and D(us) for each of n = 3,4, 5, 6.
n = 3 : Again, without loss of generality, let us assume that so = 1so v/ = (1, s1, S, S3, S4, - - ).

Recall the matrix at (3.2),
UAg13= (0,794 51,0,% ra+ 51+ 83, %, 7o(1+ 81 +53) +83) = D([u,g7']) > n+1+1=5.

By computing u? in a direct way, 7, ,2 = (0,0, s1, $1, S2+ 83, 0, 514 S2+ S350+ S5, %, %, .. ., *).

We can write the matrix of u to compute [[u, g~ 1], u] using similar methods as before. We obtain

0 s1 0 s3+1
0 1 0 59
Aus = . (3.24)
0 0 0 s
0 0 0 1
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Then 7y 1, 5-11,0) = (0,0,0,0,51(r2 + 51),0, %, *,...,*). Thus, by (3.13),
U1 = (rg + 81,0, %, 79 + 53, %, 79(1 + 81 + 83) + 83, %, %, ..., %), D(uy) = D(g>f?) >n+2.
Recall the matrix at (3.11),

1A 25 =(0,0,0,a3(s1 + s3),0,%,0,%, as(ra(1 + s1 + s3) + s3))

= D(ju;,g7?) >n+2+3+3=n+e(l,n)+2"-9.

A direct computation gives the coefficient vector 7,2 = (0,0, (rg + s3)(r2 + $1),0, %, 72 +
S3,%,%,...,%) . On the other hand, by Proposition 1.2.3, D([[u1, g %], u1]) > n +e(1,n) +
24 — 94 6. Thus, by (3.13),

—

vy = (az(s1 + 83),0,%,0, %, moa3(1 + 51 + s3) + 12 + (a3 + 1)s3, %, %, ..., %),

D(uy) = D(¢g* ) >n+e(l,n)+2*—0.

Note that azre = 0 by (3.7). So we have 15 = (ag*, 0, %, 0, %, 7ok, %, %, ... %).

n = 4 : Recall the matrix at (3.3), then

VA4 = (1,0,%,1+ s9,%,72(1 + 52) + 82) = D([u,g7']) >n+1.

A direct computation gives 7y, = (0,0,0,1,51,0,%,%,...,%). On the other hand,
UL fug—] = (0,0,0,0,1,0,%,*,...,*) by using the matrix at (2.5). Now by (3.13),
1 = (1,0, %, 89, %, 72(1 + 83) + 89, %, %, ..., %), D(u1) = D(¢*°f %) >n+ 1.

Recall the matrix at (3.11)
I/_iAg—275 = (O, O, 0, 043(1 —+ 82), 0, *, 0, *, CY3(7"2(1 + 82) + SQ))

= D([u,97%) >n+7=n+e(l,k)+2*-0.

On the other hand, 52#% = (0,0, s92,0,%,59,%,%,...,%) by a direct computation, and

D([[u1,97%),u1]) > n + 7 + 6 by Proposition 1.2.3. Then by (3.13),

—

vy = (a3(1452),0,%,0, %, ag(ra(14-52)+59)+S2, *, *, ..., %), D(gQQf’ZQ) > nte(1,n)+2* 9.
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Again, since roa3 = 0 by (3.7), we have 5 = (as*, 0, %, 0, %, 7ox, %, %, ... %).

n =>5: Let /= (1, s, S9, S3, .. .). Recall the first matrix at (3.4),
FAg25= (0,19 + 1+ 51,81, %, (r2+1)s1) = D([u,g7']) >n+2=T1.

On the other hand, by Proposition 1.2.3, D(u?) > 2.5+ 1 = 11 and so 7/} ,2 = (0,0, 0,0, *, ).

Also D([[u, g7 '],u]) > 7 + 6 by Proposition 1.2.3. So by (3.13)
7= (ry+ 81+ 1,51, %, (rg + 1)sy, #,%, ..., %), D(g*f %) >n+2.
Recall the matrix at (3.11), also recall ag = 1 4 r9 from (3.7), then
1 Ag2q7=(0,a3s1,0,%,0,% azsi, *,0), D([ur,g7?]) > n+2+1+3 = 11 = n+e(1,n)+2*—11.

D(u?) > 2.7+ 1 = 15and Va2 = (0,0,0,0, 8172, 81, %, %, . . ., ) by Proposition 1.2.3. So by

Remark 3.2.1, we have
7 = (ag#,0,%,0,%, (g + L%, 5, %, ..., %), D(g”f7%) > nt e(ln) + 2" — 11.

By (3.7), g = 1 4+ 13 50 15 = (g, 0, %, 0, %, 7ok, %, %, ... *).

n = 6: Recall the matrix at (3.4), delete its first row and column to get the matrix A,-: . Then
A= (1,1,%,m0+ 1,%,%,...,%), D(u,g”']) >n+1="T1.

On the other hand, by using Proposition 1.2.3, D(u?) > 2.6 = 7+5and D([[u, g7 '], u]) > 7+6,
so we have

l/_i:(1717*7T2+17*7*’...7*), D(ng_2)2n+1:7

Now recall the matrix at (3.11). Also recall that ag = 1 4 r5, by (3.7), then
nAy27=(0,a30,%0,% az, ,0), D([u;, g7 %) > n+14+3+1 =11 = n+e(l,n)+2"'—11.

On the other hand, by Proposition 1.2.3 and a direct computation, D(u?) > 2.7+ 1 and Vg2 =

(0,0,0,0,1,1). So by Remark 3.2.1,

Uy = (g, 0, %, 0, %, 79, %, %, ..., %), D(g22f’22) >n+e(l,n)+2* —11.
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We established that 5 = (ag*, 0, %, 0, %, rox%, %, %, ..., %) forn = 3,4, 5, 6. We also established

that D(uz) > n +e(1,n) +2* — K where K = 9ifn = 3,4,and K = 11 if n = 5,6.

Suppose that ag = 1, then vy = (%,0,%,0,%,0,%,%,...,%). By (3.7) and (3.8), the coeffi-
cient of the term z'7 in b%* is zero. So the (0, 6) entry of the matrix at (3.12) is zero for m = 2.

So
A, 22 =(0,0,0,0,0,0,0,%,0,%0,), D([uz,g7%]) > n+e(l,n) +2° — K +2.

By Lemma 3.1.1, D(u3) > 2(n +e(l,n) +2* — K)+7 > n+e(l,n) +2° — K + 2 and

’73,u§ = (*,0,%,0,%,0,%,%,...,%). By Remark 3.2.1,
vy = (%,0,%,0,%, %, ..., %), D(923f*23) >29=n+e(l,n)+2° - K +2.
Then for m > 3, we can apply Lemma 3.2.1 to get

D" ) >n+e(l,n)+2"? - K +2.

Now suppose that az = 0, then 5 = (x,0, %,%,...,%) and D(uz) > 13 = n +e(l,n) +

24 — K + 2. On the other hand, by (3.8) and Lemma 3.1.1, the coefficients of the terms 22" 4

in g=2" are always zero for m > 2. So the diagonal entries of A,—2m are zero. Thus,

A, 2 = (0,0,0,0,0,%,0,%0,%0), D([uz, g~ *]) > 1345+11 = n+e(l,n)+2°— K +2.
D(uz) >n+e(1l,n)+2° — K +2and Vsuz = (*,0,%,%,...,%) by Lemma 3.1.1. Thus,

- 23 723 5

I/3_(*707*7*7"'7*)7 D(g f )2n+€(1,n)+2 — K +2.

Here an inductive argument, very similar to Lemma 3.2.1, gives the bound D(g?" f=2") >

n+e(l,n)+2m2 - K + 2.

Hence, in general we have

- n+e(l,n)+2m2 - K ifm =2

D(g>" f7*") > (3.25)
n+e(l,n)+2m"2 - K+2 ifm>3

where K = 9ifn = 3,4, and K = 11 if n = 5, 6. This confirms the bound in Theorem 3.0.1.
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Now we return to the sharpness of the bounds.

Examples for n = 3, 4:

m=2:Letn=3,g ' =x+2%+2% and ¥ = (1,0,0, 1, %, %, ..., *). By using the matrices
at (3.2), (3.11), and example 3 in Table 3.2,

*

Ag13 = , Ay = (3.26)

S O O O o o o
S O O O O = O
SO O O O o o o
S O O = == O
o O O R O = O
O = O O = = O
S O O = O O O

O O O O O O o o o
O O O O O O O +~ O
O O O O O O o o o
o O O O O = O O =
o O O O O o o +~ O
O O O O O O o o o
*
O O O = O O O O O

O O O Rk O O = %

VA3 = (0,0,0,1,1,%,1) = D(lu,g']) = n + 2+ 2. By a direct calculation,
Uiz = (0,0,0,0,1,0,%,%,...,%). As D([[u,g7'],u]) > n + 4 + 4 by Proposition 1.2.3,
we have 7 = (0,0,1,1,%,1,%,%,...,%) and so D(u;) = n + 4. Now 114,25 =
(0,0,0,1,0,%,0,%,1), D([u;,g7']) =n+8 =n+e(1,n)+21—9. As D(u?) > 2(n+4)+1 >

n+ 8+ 4 and D([[u1, g7 2],u1]) > n + 8 + 8 by Proposition 1.2.3, we have

7 = (1,0,%,0, %, %, %, %,...,%), D(us) = D(¢> f ) =n+8=n+e(l,n)+2' -9

as desired.
For n = 4, by using the matrix at (3.3), 7A;~14 = (1,0,1,1,%,0,%,%,...,%)
and so D([u,g7']) = n + 1. By a direct computation we get the vector U ,» =

(0,0,0,1, %, %, %, %,...,%). Onthe other hand, D([[u, g~!], u]) > n+1+4 by Proposition 1.2.3.
Thus 7 = (1,0,1,0,%,%,...,%) and D(u;) = n+ 1. Now 154,25 = (0,0,0,1,0, %, 0, *, x)
and D([uy,¢g7%]) =n+7=n+e(1,n) +2* — 9. On the other hand, D(u}) > n + 7+ 5 by

Lemma 3.1.1, and D([[u1, 9g72], u1]) > n + 7 + 6 by Proposition 1.2.3. Thus,
vy = (1,0,%,0,%,%,...,%), D(ug) = D(gQQf—QQ) =n+4e(l,n)+2* -9

as desired.

m >3 :Letn = 3and ¢! = z + 2? + z°. By using the matrix at (3.2) and example 1 in
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Table 3.2,

010 %0 %1
01 0 % *x % 1
000 x 0 =x 0
Agf13: 0001 =x % 0f.
000O0O0=*20
000O0O0OT1OQO0
000O0O0O0OO

The form of the matrix A, -2~ for m > 1 is same as the second matrix at (3.21). Let
vV = (1,0,0,0,%,%,...,x) then 7A;~1 3 = (0,1,0,%,0,%,1), and D([u,¢g7']) = n + 2. By
Lemma 3.1.1, D(u?) > 2n+5 > n+2+6. Also D([[u, g7 '], u]) > n+ 2+ 6 (we use the ma-
trix at (3.11) since u and b* are in same form). Thus, 77 = (1,0, %,0, %, 1,%,%,...,%), D(uy) =
n+2 =5 Now 4,25 =(0,0,0,0,0,1,0,%,0),and D([u1,¢7%]) > n+10=n+e(l,k)+
2% — 7. On the other hand, by Lemma 3.1.1, D(u?) > 2.(n +2) +5 = n + 10 + 2 and

Vpu2 = (0,0,%,0,% 0,%,%,...,%). By Proposition 1.2.3, D([[u,1,g~?],w1]) > 13 + 6. Thus
vy = (1,0,%,0,%,%,...,%), D(ug) =n+e(l,n)+2* 7.

Now by Lemma 3.2.1 D(¢*" f~2") > n+e(1,n) + 2™ — 7 for m > 3.

Let n = 4 and same ¢!

and u as above. By using the first matrix at (3.3), we have
VA;-14 = (1,0,%,1,%,1). Also by a direct computation, ; ,2 = (0,0,0,1,0,0,%,%,...,%).
By using the matrix at (2.5) 7 [y 4114 = (0,0,0,0,1,0,%,%,...,%). All together imply v =

(1,0,%,0,%,1,%,%,...,%) and D(u;) = 5. From now everything is same as in the above

example for the case n = 3, so we have the desired result.

Examples forn = 5,6 :

m=2:Letn=>5and ¢! =z + 2% + z* + 2° then the matrices A,-1 5, A,—2; are same as
the matrices at (3.17). Let 7 = (1,1,0,0,%,%,...,%). Then ¥A -1 5 = (0,0,1,0,1,%,%,...,%)
and D([u,¢g7']) > n+ 2 = 7. On the other hand, D(u?) > 2n +1 = n + 2 + 4 and
D([[w,g7'],u]) > n + 2 + 6 by Proposition 1.2.3. Then v; = (0,1,0,1,%,%,...,%). As

1 A,—27 = (0,1,0,0,0,%,1,%,0), D(u1,97%]) = n+6 = n+e(l,n) +2* — 11. On the

other hand, D(u2) > 2.(n + 3) = n + 6 + 5 by Proposition 1.2.3. So we have D(¢* f~%’) =
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n + e(1,n) +2* — 11. For n = 6, very similar argument as in previous cases works for the
same example of the case n = 5.

m >3 :Letn=>5and g7' =z + 2 + 2° + ' + 27. Note that the matrices A,-15, A,-om
for m > 2 are same as the matrices at (3.18). Let 7 = (1,1,%,%,...,%). Then VA1 ; =
(0,1,1,%,0,%,%,...,%) and so D([u,g']) = n + 2 = 7. On the other hand, D(u?) > 2.n +
1 =n+2+4and D([[u,g7',u]) > n + 2 + 6 by Proposition 1.2.3. So we have v; =
(1,1,%,0,%,%,...,%) and D(u1) = n+2 = 7. Now jA,—27 = (0,0,0,1,0,%,0,%,0) so
D([u1,g7%]) = n+8 = n+e(l,n) + 2* — 9. On the other hand, by a direct computation
Dw?) > 2(n+2)+1=n+8+2and Vyu2 = (0,0,1,1,%,0,%,%,...,%). So we have
vy = (1,0,%,1,%,0,%,%,...,%) and D(uy) = 13 = n + e(1,n) + 2* — 9 by Remark 3.2.1.
As15A 2 = (0,0,0,0,0,0,0,%,0), we have D([ug, g7 %)) >n+e(l,n)+2°—9+2>31
and ﬁsy[u27g,22] = (0,0,%,0,%,%,...,%). By direct computation D(u3) = 29 and Vg3 =
(1,0,%,1,%,%,...,%). Hence, we have v3 = (1,0,%,1,%,%,...,%) and D(uz) = 29 = n +
e(1,n) + 2% — 9 by Remark 3.2.1. Let v, = (1,0, %,1,%,%,...,%) and D(u,,) =n+e(1,n) +

2m+2 9 for m > 3. Then (1,0, x,1,%,%,...,%)A om = (0,0,0,0,0,0,0,%,0). It follows

g9
that D([tm, g >"]) > n+e(1,n) + 2" — 94 2and 7,11y, g2 = (0,0,%,0,%,%, ..., %).
On the other hand, it can be easily seen that D(u2,) = n+e(1,n) + 2™ —9and 7,1 .2 =
(1,0,%,1,%,%,...,%). Hence, v, 1 = (1,0,%,1,%,%,...,%) and D(u,11) = n +e(1,n) +
23 —9 by Remark 3.2.1. Therefore, an inductive argument gives D(g*" f~2") = D(u2, ;) =

n+e(l,n)+ 2m+2 9 for m > 3. For n = 6, because of a same argument as in the previous

cases, same example works to get the desired bound.
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CHAPTER

On random generation in the

Nottingham group

Being a pro-p group, the Nottingham group can be seen as a probabilistic space with respect to
the normalized Haar Measure. Recall that Q(G, k) is the probability that & random elements
generate an open subgroup of G for a profinite group GG. A. Shalev [Sha00] pointed out that if
Q(G, k) = 1 then the lower rank of G is at most k. It is still not known whether the converse is
true or not. For p > 3, the lower rank of NV is 2, see [Cam00]. Following the relation between

the lower rank and the random generation, Shalev [Sha00] conjectured the following:
Conjecture 1. Is Q(N,2) =17

The aim of this chapter is to investigate Conjecture 1 above. We will use a probabilistic
theorem which Szegedy [Sze05] used to prove that two random elements of the Nottingham
group generate a free subgroup. By invoking the following two propositions, we follow his
footsteps. The first is a corollary of a measure theoretical theorem from [Sak64, Chapter 4,

(15.7)Theorem].

Proposition 4.0.1. Let X be a metric space, and let P,, be a sequence of its partitions such that
P, consists of Borel sets, P, is a refinement of P,,_1, and the diameter of the sets in P, is at
most d,,, where d,, tends to zero. Then for every Borel set I C X and finite Borel measure i,

we have, for almost all x € £

EnNnH,
iy AE N H)

=1
n—inf ,U(Hn)

where x € H,, C P,.
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Let G be a pro-p group, G; be a filtration of GG and p be the Haar measure induced by
the G-invariant metric d(z,y) = inf{|G : G;|™' : zy~! € G,}. Recall that the balls in G
with respect to this metric are the cosets of G, and the diameter of such balls is |G : G;| L.

Applying the proposition above to G, we get the following

Proposition 4.0.2. Let E be a Borel set of G. Then for almost all x € F,

E
lim —#( NaGh)

= 1.
n—o0 M(mGn)

By using Proposition 4.0.2, the following conjecture implies Conjecture 1.

Conjecture 2. Let p > 5. Then e > 0, Va,b € N, ALy € N, VL, > Ly the conditional

probability P({au, bv) open|u,v € N,) > e

To be more precise, take two random elements of A/ which generate a possibly non-open
subgroup. Then Conjecture 2 states that: changing the tales of those two elements, the new two
ones will generate an open subgroup with positive probability, depending only on p. To test
whether two elements generate an open subgroup we have the following result which follows

from the proof of a theorem in [Cam00, Theorem 7].

Theorem 4.0.3. Let p > 5. Let a,b € N with D(a) = q, D(b) = r. Then (a,b) is an open

subgroup of N whenever

(a) q # Fr (mod p),
(b) q,r #Z 0 (mod p), and

(c¢) q and r are coprime.

From now on assume that p > 5. The m-th Engel word (see Section 2.1) plays a significant
role in our approach. Related to this, we will state a lemma that will be one of our main tools.

The following definition is a generalization of a definition in [LGMO02, Proposition 1.1.32].

Definition 4.0.4. Let G be a group, x1,2s,...,xx € G, and n, 1,7, ...,7 € N. Define
{w1, 09, ..., 24 }7 5, to be the set of all formal basic commutators in {z1, g, ..., 7%} of

weight at least n, and of weight at least ¢; in z; where 7; < nforl < j <k.
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Here we have another definition which can be seen as a generalized m-th Engel word.

Definition 4.0.5. Let z,y, z € G and m € N. We define the set

["L‘a{m} {97 Z}] = {[xv’h Ysji Z5 -+ i Yoin Z} | m =i +.]1 +... Zk +]/€7 Z.lajh cee aikvjkv ke N}
Lemma 4.0.6. Let G be a group and a,b,u,v € G. Then
[y, DV] =[Gy B) [ty D] X

where X = H xy, the factors x;’s are different from [y, b], [u,, b] and one of the following
types of commutators.
(T1) 2, € [XD, iy {b,v}], where 1 < i < m and we have one of the following:
« XD € {a u,v,a,b} % 00 involving at least one u or v and a') € [a, (3 {b,v}],
o XD e {u u,v,a,b}i 00 where u® € [u, iy {b,v}].
(T2) € YD iy {b,v}] where YO € {u,v,a,b}35 0o for some 1 < i < m such that the

sum of weights of u and v is at least 2 and the sum of the weights of b and v is at least

2t — 1.

Proof. Recall the following well known commutator identities, see [LGMO02, Proposition

1.1.6]. Let x, y, 2 € G. The conjugate of x by y is denoted by 2¥ = y~'xy. Then
(1) [xy, Z] = [:L‘, 2] [xv 2, y] [Z/, Z] = [xv Z]y[ya Z]’
(i) [z,y2] = [z, 2]z, y][z,y, 2] = [z, 2] [z, y]*,

(iii) zy = yx[z,y| = yav.

By using the identities above, we can get the following generalization. Let 1, zo, - -+ , 2,y €

G. Then

[‘Tlx? c Ty, y] = [:L‘17 y]$2xn [‘rQ c Ty, y]

= [:L‘la y]wan [an y]ISmn [l’g c Ty, y}

= 21,y (@, Y] - [, )
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On the other hand,

[mi’ y]xiﬂ---xn — [xi’ y] [xh Yy Tig1 - wn]

= x5, yl[@i, ¥, Tigo - - @[3, Y, T |72

= [‘ria y] [xi7 Y, xn] [xh Y, znfl]xn [xia Y, xn72]zn71$n st [‘riu Y, xi+1]xi+2mxn'

Note that, by a similar technique above, any conjugate of [z;,y, z;] is a product of [z;,y, z}]

and commutators involving [z;, y, z;|. Hence, we have the following identity

(iv) The commutator |[x;xs - - - T, y| can be written as a product of [x;,y] fori = 1,2,---n

and product of commutators involving [x;, y, acj] foralll <7< 7 <n.

Back to the proof, we use induction on m > 1. Let m = 1. By using the identities (i), (ii) and

(ii1), we have

lau, bv] = [au, v][au, b][au, b, v]

= [a, v][a, v, u][u, v][a, b[a, b, u][u, b] [[a, b][a, b, u][u, b], v]

Now we can bring forward [a, b] and [u, b] by using the commutator identity (iii). Then the rest,
but the last factor [[a,b][a, b, u][u,b],v], is a product of [a,v],[a,v,u], [u,v], [a,b, u], which
belong to [X@ ;i {b,v}] for i = 1,m = 1 that involves at least one u or v, and product
of commutators involving [a, b], [u, b] which are again in [X¥ 1, s {b,v}] fori = 1,m =1
that involves at least one v or v. Now by using identity (iv), the last factor can be written as a
product of commutators [a, b, v], [a, b, u, v], [u, b, v] and commutators involving [z;, v, ;| Where
1<i<j<3andz =a,b],r2 = [a,b,u],z3 = [u,b]. So, they belong to [X ) 1, i {b,v}]

for s = 1, m = 1 that involves at least one u or v. Let m > 1 and suppose that we have
[ty b] = [@ym, O] [ty B] X

where X is a product of commutators of the types in (7'1) or (7'2). By using the identity (ii),
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we have

[t 41 b] = [[@m O] [t D)X, 0]

= [[@ym b] [ty b] X, 0] [ b] [ty b] X, b] [ b [t ] X, b, 0]

Let c be either b or v. Now by using identity (iv), similar to the case when m = 1, the above
equality can be written as product of [[a,,, b], v], [[w,m 0], v], [[@,m D], b], [[t,m 0], B], [ X, v], [ X, D],
[[aym+1 0], v], [[Wsmet1 b], ], [X, b,v] and commutators involving [z;, ¢, z;] for 1 < i < j <3
where x1 = [a,,b],22 = [u,,b],z3 = X. Now we can bring [a,,,.1b] and [t 1,b] to
front by using the identity (iii) and the rest is product of commutators [[a,., b], v], [[t,m b], V],
(@11 b, 0], [Uyma b,v], [X, 0], [X, 0], [X,b,v], commutators involving [a,,, 11 b] or [t 1 b]
and commutators involving [z;, ¢, z;] for 1 <1i < j < 3, where x1 = [a,,, b], 22 = [t b], 23 =
X. It can be easily seen that all, but [X,v], [X,b] and [X, b, v], are in [XD,,41-4 {b,v}]
where ¢ = m + 1. Now by induction, [X,¢| = H 2y, c|, where x;’s are commutators from
(XD iy {b,v}] or [Y® (i3 {b,v}] for some 1 < i < m. By using the identity (iv), we
can rewrite [X, b] as product of commutators [z, ¢| and commutators involving [z, ¢, ;] for
t < s. It can be directly seen that the commutators [z, c|’s are from [X@ .1, {b,v}]
or [Y(i),{mﬂ,i} {b,v}]. Since any x; is of weight at least m + 1 and the sum of weights
of b and v is at least m and involves at least one u or v, then the commutators [z, ¢, x| €
{u,v,a, b}o 6" 0+01 , the sum of weights of v and v is at least 2 and the sum of weights of b and
v is at least 2(m + 1) — 1. Hence, they belong to [V ., 1, {b,v}] for i = m + 1. It remains
only to consider [X, b, v]. Again, by using identity (iv), similar arguments which we applied

for [X, ¢| will give the desired. O

§4.1 Random generation
Fix a,b € N. Theorem 4.0.3 allows us to divide our investigation into four cases.
Case 0. Assume that (a, b) is open.

Case 1. Assume that all elements of (a, b) has p-divisible depth.

59



Case 2. Assume that every element in (a, b) has depth congruent to kg, —kq, or 0 modulo p for

some ko # 0 (mod p).

Case 3. Assume that the depths of all elements of (a, b) have a common divisor  # 0 (mod p),

where r > 1.

Case 0:

Assume that (a,b) is open. Then 3L # 0,p — 1 (mod p) such that (a,b) DO Nj. Now,
Jwy,we € {a,b) such that D(w;) = L # 0 and D(wy) = L+ 1. Let Ly = L + 2 then
for any u,v € Np,, wy = wi(au,bv) = wi(a,b) (mod ) and w) = wy(au,bv) =
wo(a, b) (mod X0 *1). Now, by Theorem 4.0.3, (w/, w}) is open with probability 1. Hence, for

all L, > Lo, P({au,bv) open | u,v € Ny,) = 1.

Case 1:
Assume that all elements of (a, b) has p-divisible depth.

Proposition 4.1.1. Let Ly > D(a), D(b). Then for all Ly > Lq the probability that {au, bv),

foru,v € N1, has an element whose depth is not divisible by p is > 1%'
Proof. Pick n, m € N such that:

. n#0 (modp),

2. pm >n — D(a).

Consider the commutator |a,,, b]. Since all elements in (a, b) has p-divisible depths, we have
D([a,m, b]) > D(a) + mD(b) + pm 4.1)

for all m > 0. Indeed, note that D([a,b]) = D(a) + D(b) + d for some d > 1. Since
D(la, b)), D(a), D(b) = 0 (mod p), d = 0 (mod p). On the other hand, we have d > 1, so
d > p. Hence, we have D([a,b]) > D(a) + D(b) + p. Now applying an inductive proof will
give

D([a,m b)) > D(a) +mD(b) + mp.
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Let u,v € N, such that D(u) = n and D(v) > n. Since D(u) # 0 (mod p), we have
D([tty, ]) = D(u) +mD(b).
Consider the commutator [au,,, bv]. By Lemma 4.0.6, we have
[t U] = [@yp, O] [y, D] X,

where X is the product of commutators of the types in (7'1) or (72). It can be seen easily that
all factors of X has depth > D(u) + mD(b) = D([u,n b]). Indeed, let us first consider the
factors in X involving at least one u, but no v. Then the weight of such a factor is at least m + 2
and the weight of 0 is at least m. Consequently, any such factor has depth strictly larger than
D(u) +mD(b). Now, consider the factors which do not involve any u, but at least one v. The
weight of such a factor is at least m + 1 and the sum of weights of b and v is at least m. It
follows that any such factor has depth strictly larger than D(u) +mD(b) as D(v) > n = D(u).

Since pm > n — D(a), we have
D([ayn b)) > D(a) + mD(b) + pm > D(u) + mD(b) = D[t b]).
Thus, we have
D([attyy bv]) = D([tts b)) = D(w) + mD(b) 2 0 (mod p).

Since n # 0 (mod p), Ly < D(u) < Lo+ 1. Also D(v) > D(u). So, for all L; > Ly, the
probability that (au, bv), for u,v € Np,, has an element whose depth is not divisible by p is

> 3. [

"@wl —_

We have the following corollary of Proposition 4.1.1.

Corollary 4.1.2. The probability that two randomly chosen elements from N generates a sub-

group where every element has depth divisible by p is zero.

By Corollary 4.1.2, we need to consider Case 0, Case 2 or Case 3 only.
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Case 2 and Case 3:

The following observation is important for the investigations of Case 2 and Case 3.

Remark 4.1.1. Let w € N with D(w) = k = ko (mod p) for 0 < kg < p—1. Letn > k
be such that n # 2k — i (mod p) for any 0 < ¢ < kg. So, n + 1 # 2k — j (mod p) for
any 0 < j < ko and, therefore, e(k,n + 1) = ko and e(k,n) = kg, see Definition 2.0.1. By
Lemma 2.1.4, we have II, 1,414, = 0 and II,_; , 5, = 0. On the other hand, recall that we
obtain II, ; ,,11 x, by deleting the first column and row of IT,_; ,, x,+1. Recall also the definition
of the corresponding matrix 7,,[A] from Section 2.2. Now we have T;,[A] = () (note that \ is
the entry at the top right corner of II,_; ,, 1,1 which may or may not be zero) for the element

w with respect to the integer n.

Based on the above, we make the following definition. Let w € A with D(w) = k =

ko (mod p) where 0 < ko < p — 1. We define the following property for w:
(Px) dng # 0, —ko, 2k—i (mod p) fori = 0, 1,..., ko such that T,,[\] = (\) # 0Vn = ng (mod p).

Remark 4.1.2. Let ¢,d € N be such that D(¢) > D(d), D(c¢) = D(d) = ko (mod p) for
some 0 < kg < p — 1 and the first ky + 1 coefficients of ¢ and d are same. Then they have the
same matrix I, 1, c(kn)41 for any n > D(c), D(d). So, for any D(u) > n > D(c), D(d), by

Lemma 2.1.6, we have
D(uBP= D)) > n 4 s(p — 1)D(d) + (s — 1)kg

where U(S(pfl)) € [u,{s(pfl)} {C, d}]

Case 2

Assume that every element in (a,b) has depth congruent to kg, —ko, or 0 modulo p for some

O0<ky<p-—1

Proposition 4.1.3. Let Ly > D(a), D(b). Suppose that D(a) > D(b) + ko where D(b) = k =
ko (mod p), ko Z (p—3)7"2(p —3)"", (p —2)7,2(p — 2)71,2(p — 1) (mod p) and b has
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property (Px). Then for all Ly > Ly

1
P({au, bv) open | u,v € N1,) > 2P

Before proving Proposition 4.1.3, we need the following result.

Lemma 4.1.4. Let c,d € {(a,b) be such that D(d) = ko (mod p) and ko # (p — 3)7%,2(p —

)L (p—2)"12(p—2)"12(p—1) (mod p). Then
D([¢,3m d]) > D(c) +3mD(d) + 3m
forall m > 0.

Proof. We use induction on m > 0. For m = 0 the claim is trivial. Now suppose that
D([e,3m d]) > D(c)+3mD(d)+3m for m > 0. We have D([c¢,3, d]) = ko, —ko, or 0 (mod p).

If D([¢,3m+1d]) = ko (mod p) then D([c,3mi2d]) = D([cami1d]) + D(d) +1 =
ko, —ko,0 (mod p), where [ > 1. Then | = —ko, —3ko,—2ko (mod p). Since ky #
(p—3)"12(p—3)"1 (p—2)"1,2(p—2)"1,2(p—1),(p—1),0 (mod p), we have | > 3. Hence,
by induction hypothesis, D([¢,3,,13d]) > D([¢,3m12d])+D(d) > D([¢,3m+1d])+2D(d)+1 >
D(c) + (3m + 3)D(d) + 3m + 3.

If D([¢,3m+1d]) = —ko (mod p) then D([c,3,, d]) = ko (mod p). Hence, D([c,3m1d]) >
D([e,3m d]) + D(d) + 3 because of our assumptions on ky as in the previous case. Therefore,
D([e,3m+3d]) > D([¢,3m+1d]) +2D(d) > D([¢,3m d]) +3D(d)+1 > D(c)+ (3m+3)D(d) +
3m + 3 by induction.

If D([¢,3m+1d]) = 0 (mod p) then D([¢,3m+2d]) = D([¢,3m+1d]) + D(d) = ko (mod p).
So, D([¢,3m+3d]) = D([¢,3m+2d]) + D(d) + 3 because of the same reason in the above cases.
Hence, by induction, D([¢,3m+3d]) > D([¢.3m+2d]) +D(d) +3 > D([c,3m d]) +3D(d) +3 >
D(c) + (3m + 3)D(d) + 3m + 3. O

Note that for m’ > 1 the proof above shows that

D([a,m b]) > D(a) +m'D(b) +m' =1,
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where m’ = I’ (mod 3) and 0 < I’ < 2. Also if we don’t have the conditions ky # (p —
3)_17 2(p - 3)_17 (p - 2)_17 2(p - 2)_17 (p - 1)7 2(p - 1)7 (p - 1)70 (mOd p) then the prOOf

above ensures that for m > 0 we still have
D([a,3m b]) > D(a) 4+ 3mD(b) + m.

Proof of Proposition 4.1.3. By assumption, b has property (Px*). So Jng such that ng #
0, —ko, 2k — i (mod p) for any 0 < i < kg and T,[A\] = (A) # 0 Vn = ngy (mod p). Let
ged(k, ko) = ky. Since p and k; are coprime then In = ng (mod p), n = 1 (mod k) and

Lo+ ko+1<n < Ly+ ko + 1 4 pk; by using the Chinese Remainder Theorem. Note that
n=1(modk)) =k | 1 —n =3 suchthat s'kg =1 —n (mod k)

= n+sky =1 (mod k) = ged(n + s'ko, k) =1 = ged(n+ s'(p — 1)k + 'k, k) =1
= ged(n + s(p — 1)k + sko, k) = 1Vs = &' (mod k).

Now pick s = s’ (mod k) such that n — D(a) < s(p —1) — sko — [ where s(p — 1) = [ (mod 3)
and 0 <1 < 2. Letu,v € N be such that D(u) = n, D(v) > n+ 5ko + p, D(v) = ko (mod p)
and first ky + 1 coefficients of v are same as first ky + 1 coefficients of b. Since b has property
(P*), D([t,5(p—1) b]) = n + s(p — 1)k + skq by the proof of Theorem 2.0.3 in Chapter 2. Now

consider the commutator [au,s(,—1) bv]. Set m = s(p — 1). By Lemma 4.0.6 we have
[ty DV] = [@y b) [ty B] X,

where X is the product of commutators of type (7'1), (7'2). Let X’ be the factor which has the
minimum depth. Now X" is from [X D, sy {b, v}, or [Y D 1,y {b, v}] for some 1 < i < m.

Recall that we have one of the following
« XO € {a" u,v,a,b} 7} o which involves at least one u or v and a® € [a, gy {b, v}],
o X0 ¢ {u® u,v,a, b}iﬁm where v € [u, iy {b, v}

Recall also, Y9 € {u, v, a, b}gfaf é,o is such that the sum of weights of v and v is at least 2 and
the sum of weights of b and v is at least 2i — 1. Suppose that X" is in [X @, {b,v}] for

some 1 < i < mand X € {a¥ u,v,a,b}ii11,000 Which involves at least one u or v and
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a € [a,;;y {b,v}]. Suppose that D(X ) involves at least one v, but does not involve any u.
Set m = s(p — 1). Now we have either a') € [a,;_1 b,v,;—j; {b,v}] for some 1 < j < ior
a' = [a,; b]. Suppose that we have the former. Let j —1 = sy(p—1) +i1,i—j = sa(p— 1)+
and m — i = s3(p — 1) +i3. Then s > s; + s + s3 > s — 2. Now, by Remark 4.1.2 and
Lemma 4.1.4,

D(X®) > D([a,;_1b]) + D(v) 4 (i — j)D(b) + (s2 — 1)ko

>D(a)+ (j—1)D(®b)+7—3+ D)+ (i —7)D(b) + (s2 — 1)ko

> D(a)+ (i —1)D(b) + D(v) + j — 3+ (s2 — 1)ko.

Then

D(X)>D(X')>D(a)+ (j —1)D(b) +j—3+ D)+ (i — j)D(b)
+(82 — 1)]{30 + (m — Z)D(b) + (83 — ].)k?g
>n+mD(b) + (s1 4 so+ s3 — 2+ 5)ko

>n+s(p—1)k+ sk

by Remark 4.1.2, Lemma 4.1.4, D(a) > D(b) + ko, D(v) > n+ 5ko +pand kg < p— 1. Now
suppose that we have the latter or X () involves at least one w, but does not involve any v. Then

in both cases we have a') = [a,; b and X involves at least one u or v. So
D(X®W) > D(a) +iD(b) +i— 2+ D(u)

by using Lemma 4.1.4. Leti = t;(p—1)+1l; and m—i = to(p—1) + 15 for some l, [ < p—1.
Then s > t; + t; > s — 1. Now similar to above, by Remark 4.1.2, D(a) > D(b) + ko and
ko < p — 1, we have
D(X) > D(a) +iD(b) +i — 2+ D(u) + (m — i)D(b) + (ta — 1)kq
>n+mD(b) + (to +ta + ko > n+ s(p — 1)k + sky.

Now for the other possible forms of X', by using very similar techniques above, we can show

that D(X') > n + s(p — 1)k + sko and, so, D(X) > n + s(p — 1)k + sko = D([t,5p—1) b]).
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Thus

[CLU,m bU] = [aﬂﬂ b] [u;m b] (mOd $D([u’mb])+2).

Recall that we picked s such that n — D(a) > s(p — 1) — sky — [. Then by Lemma 4.1.4,

D({arp-14)) > D(a) + s(p — VD) + s(p— 1) —

>n+s(p— 1)k + sko = D([t,sp—1) b]).

Finally,
D([atsgpr) b)) = Di[tssgpery b)) = 1+ 5(p — Dk + sha.

Now D(bv) = k and D([au,s (p — 1)bv]) = n + s(p — 1)k + sko satisfy the conditions of
Theorem 4.0.3. It follows that the subgroup ([au,sp-1)bv],bv) is open with probability >

1 > —4—as Ly < D(u) < Lo+ko+pki+1 < Lo+p?, D(v) > n+5ko+p,

pp2+p2+p+5kotptpthotl = p2p?+op

D(v) = ko (mod p) and its first ko + 1 coefficients are same as the first ko + 1 coefficients of b.

Hence, (au, bv) is open with probability > —3— O

2 .
p2p=+9p

Case 3:

Assume that the depths of all elements of (a, b) have a common divisor  # 0 (mod p) where
r > 1 and there exist elements whose depths are not divisible by p (to distinguish Case 1 and

Case 3).

Proposition 4.1.5. Let Ly > D(a), D(b). Suppose that D(a) > D(b) + ko where D(b) =k =
ko (mod p), 0 < ko < p— 1, kg < r and b has the property (Px). Then, for all L1 > Ly,
P((au, bo) open | u,v € Nyy) >~
au, bv) open | u, v _—
) p ) L) = 2p2 + gp

To prove the above proposition we need the following lemma.

Lemma 4.1.6. Let ¢, d € {(a,b) be such that D(d) # 0 (mod p). Then
D(lessporysr dl) = D() + (s(p — 1) + 1)D(d) + s

forall s > 0.
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Proof. We will prove by induction on s > 0. For s = 0, we have the claim. Now suppose that

we have

D([e,sp-1+1d]) = D(c) + (s(p — 1) + 1) D(d) + s7

for s > 0. Note that there exists 1 < i < p — 1 such that D([c,sp-1)+:d]) =
D(d), or 2D(d) (mod p). If D([c,s(p-1)4id]) = 2D(d) (mod p) then D([c,s(p—1)4i-1d]) =
D(d) (mod p). It follows that

D([e:sp-1)+i d]) = D([¢ssp-1)+i-1d]) + D(d) + pr

= D([¢stp-1+1d) = D(e) + ((s + D(p = 1) + DD(d) + (s + )r

by induction. Now if D([¢,s(p—1)+: d]) = D(d) (mod p) then
D([c.sp-1)+i+1d]) = D([c,sp-1)+i d]) + D(d) + 7

= D([estp-1+1d]) 2 D(e) + ((s + D(p = 1) + )D(d) + (s + 1)r

by induction. [

Let us turn to the proof of Proposition 4.1.5.

Proof of Proposition 4.1.5. The proof is very similar to the proof of Proposition 4.1.3. Indeed,
since b has the property (Px), Ing such that ng # 2k —i forany 0 < i < kgand 7,,(A) = (\) #
0 Vn = ny (mod p). Let k; = ged(k, ko). Now, by the Chinese Remainder Theorem, we can
pick n such that n = ng (mod p), n = 1 (mod k1), and Lo + ko + 1 < n < Lo+ ko + pky + 1.
Also by using a very similar argument to the proof of Proposition 4.1.3, we can pick s such that
ged(n+ s(p — 1)k + sko, k) = 1and n — D(a) < s(r — ko) — r (note that we could guarantee
the second condition on s because ky < r). Then, by applying the same argument as in the

proof of Proposition 4.1.3, we get

[auw(p—l) ] = [aw(p—l) b] [u78(p—1) b] (mod x[um(p_an?)’

where u, v € N, such that D(u) = n, D(v) > n + 5ky + p, D(v) = ko (mod p) and the first
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ko + 1 coefficients of b and v are same. On the other hand, by Lemma 4.1.6,
D([asp1) }) > D(a) + s(p — YD) + (s — Dr
since s(p —1) = (s —1)(p— 1)+ 1 +p— 2. Then
D([a,s(p-1) b]) > D([t,5(p-1) b]) = D(u) + s(p — 1) D(b) + sko,

since n — D(a) < s(r — ko) — r. Hence, we have the commutator [au,s,—1) bv] whose depth
is as desired. So, [au,s,—1) bv] and bv generate an open subgroup with probability > m by

Theorem 4.0.3 . Therefore, (au, bv) is open with probability > ——+— O

p2p2 +9p *

§4.2 Discussions

Here, we argue some possible developments of some techniques that seem promising for a
complete confirmation of Shalev’s conjecture. It is worth to mention that we have tried to
accomplish these ideas, but we could not be successful for the time being. This is due to

several difficulties that we will also discuss below.

First idea: Suppose that neither a nor b has the property (Px*). We argue a possible extension
of our work for the case when there exists a word in a, b having property (Px). So, suppose
that there exists wo(a,b) € (a,b) that has the property (Px). Let wy(a,b) € (a, b) be such that

D(wy) > D(wy) and Ly > D(wy), D(ws). Then for any u,v € N7,.1, we have

wy(au, bv) = wy(a,b)u  for some @ € Ny 41

wo(au, bv) = wy(a,b)v  for some v € Ny, 41

Now, the idea is to apply the arguments used in the previous section for the commutator
[w1U,5(,—1) woU]. For that, we need to guarantee that these new « and © satisfy the desired
properties. Here is the difficulty. For instance, it is not easy to guarantee that D(u) is co-prime
to D(ws) and, D(v) is congruent to D(w2) and both of them share the first ko + 1 coefficients
(here D(ws) = ko (mod p) and 0 < kg < p — 1). Although, we are free only to prescribe the

first few coefficients of u and v, we do not know yet how to choose these first few coefficients
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in a way that u and v have the desired properties. A careful analysis on how the coefficients of
u and v affect the new word w(au, bv) might help us to overcome the difficulties above. But
certainly, this is intricate.

To accomplish this idea and to give a complete answer of Shalev’s conjecture, we need also
to consider the following question. Why would there exist a w(a,b) € (a,b) with property

(Px)?

Second idea: This idea depends on the role of the growth rate of certain Engel words. First,
we introduce the concept of the speed of an element, which is interesting in its own. From now

on, ky denotes the smallest non-negative residue (modulo p) of the depth of a given element b.

Definition 4.2.1. Let a,b € N. Define

s(a,b) = lim ing 2U%m ¥ = Dla@) = mD(b)

m—00 m

the relative speed of b with respect to a. Now define

s(b) = min s(a, b)

aeN

the speed of b.

Now, we consider the relative speed of b in a subgroup of N that contains b. Let H < N

be such that b € H. Then the relative speed of b in H is given by

su(b) = min s(a,b).

Lemma 2.1.6 is essentially saying that s(b) > kaO1 for any b € N/. Moreover, in Lemma 2.2.2
and Lemma 2.2.3, we could construct b such that s(b) = ]%. In fact, we can tell more. Recall
the constant ¢’(k, n) (see Section 2.2). By Corollary 2.1.5 if the top right hand €’(k,n) + 1 x
e/(k,n)+ 1 block of I1,_1  e(kn)+e (k,n)4+1 (For k4+ko+pt <n < k+p(t+1) where k = D(b)
and ¢ is some nonnegative integer) is a non-nilpotent matrix then s(b) = ]%. So, our condition
on b, having the property (P=x), in Case 2 and Case 3 implies that s(b) = 1%'

Now let us compare sy (b) with s(b), where H is a non-open subgroup that contains b. For

example, in Case 1, s(q.)(b) = p while s(b) = 0. In Case 2 and Case 3, s(,(b) = 1 and 75,
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respectively, while s(b) = kaOr As we see in all cases s(b) is small compared with s, (D). In
fact, s(b) is the minimum possible. However, there might be many elements whose speeds are
strictly larger than I%. For example, if b = x + 2**! (mod 2%72*%0+2) where ko Z 0 (mod p),
then the associated matrix mentioned above is nilpotent. So, very possibly, s(b) > }%. Here,
we may try to find the exact speed of b by extending the matrix at (2.5) more carefully. But, even
if we find the exact speed, we may face another problem in comparing s(b) with s, (). To
overcome this problem, we may try to determine the best possible minimum relative speed of an
element, whose depth is not divisible by p, in a non-open subgroup. Essentially, Lemma 4.1.4
and Lemma 4.1.6 imply that the relative speed of an element in a non-open subgroup must be
> p%l if p > 7 (remember that without the conditions on kg in the statement of Lemma 4.1.4,

we have s, (d) > %). In fact, this gives us the following proposition.

Proposition 4.2.2. Let a,b € N. If there exists ¢ € (a,b) such that D(¢) # 0 (mod p) and

S(ap(€) < p%l then {(a,b) is open.

Here, we have to mention that even if we can overcome the above problems, the real chal-
lenge is how to use this to confirm the conjecture under the question. In more details, even if
we have s(b) < s (b), can we find a u € N such that s(u,b) = s(b) with D([u,,, b]) and
D(b) satisfying the criterion given in Theorem 4.0.3?

We also note that the concepts of speed and relative speed are interesting in their own,
and worth investigating. We are hoping that a future work on this topic would give better

understanding and would result in solving Shalev’s conjecture completely.
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